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Abstract. We define a new class of quantum vertex algebras, based on the 
Hopf algebra Hu = C[D] of "infinitesimal translations" generated by D. Be- 
sides the braiding map describing the obstruction to commutativity of products 
of vertex operators, //^-quantum vertex algebras have as main new ingredient 
a "translation map" that describes the obstruction of vertex operators to satis- 
fying translation covariance. The translation map also appears as obstruction 
to the state-field correspondence being a homomorphism. 

We use a bicharacter construction of Borcherds to construct a large class 
of //p-quantum vertex algebras. One particular example of this construction 
yields a quantum vertex algebra that contains the quantum vertex operators 
introduced by Jing in the theory of Hall-Littlewood polynomials. 
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1. Introduction 



Vertex operators were introduced in the earliest days of string theory and play 
now an important role of such areas of mathematics as representation theory, alge- 
braic topology and random matrices. Vertex algebras were introduced to axiomatize 
the properties of vertex operators. 

Similarly, quantum vertex operators were discovered in integrable models in 
statistical mechanics and in connection with theory of symmetric polynomials and 
the theory of quantum affine algebras. One would like to have theory of quantum 
vertex algebras to axiomatize the properties of quantum vertex operators. In this 
paper we introduce and study a class of quantum vertex algebras that produce the 
quantum vertex operators related to Hall-Littlewood polynomials. 

Recall that a vertex operator on a space V is a series a{z) — ^2 n& z a M z ~ n ~ > 
&(„) G End(V), satisfying some extra conditions. We call vertex operators local with 
respect to each other if the commutator is a sum of derivatives of delta distributions: 



71=0 

For quantum vertex operators this will not longer be true: one needs a braiding map 
Szi,z 2 '■ b( z 2) a ( z i) l— * ba(z2, Zi), where ba{z 2 , Zi) is some other End(V)-valued series. 
Then we should have S- locality, KK1)1)| . i.e., we need that the braided commutator 



is a sum of derivatives of delta distributions. One of the goals of this papers is give 
explicit examples of quantum vertex algebras where one can easily calculate both 
the quantum vertex operators and their braiding. 

There are several proposals for what a quantum vertex algebra should be. There 
is Borcherds' theory of (A, H, S)-vertex algebras, see |Bor01j . the Etingof-Kazhdan 
theory of quantum vertex operator algebras, [EKOOj , and the Frcnkel-Reshet'ikin 
theory of deformed chiral algebras, see [FR97] . (H. Li has developed the Etingof- 
Kazhdan theory further, see for example T i06aj . |Li05j .) 

The Borcherds theory is based on the observation that products and iterates of 
vertex operators in vertex algebras are expansions of rational functions in multiple 
variables. The idea then is to start with these rational objects instead of construct- 
ing them after the fact from the vertex operators. Instead of a single vector space V 



N 




[a{z),b(z 2 )]s 



a(z 1 )b{z 2 ) - ba(z 2 , Z\) 
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on which the vertex operators act, one has for any integer n > 1 the space V(n) of 
"rational vertex operators" in n variables. This is quite beautiful idea, and is easily 
adapted to include quantum vertex algebras of (A, H, S)-type. However, even for 
classical vertex algebras it seems not known how to include such basic examples as 
affine vertex algebras in the (A, H, S)-framework. In this paper we therefore we 
prefer to develop a theory that is closer to the usual theory, with a single under- 
lying vector space V. We do take, however, from Borcherds' paper the idea of a 
bicharacter as a method to construct examples: we will use bicharacters both to 
produce the vertex operators and the braiding. (See |Ang06| for more details.) 

The Etingof-Kazhdan theory is very close to the classical theory, in fact so close 
that it is not suitable to describe quantum vertex operators related to symmetric 
polynomials. Briefly, in the usual theory (and in |EK 00'j) vertex operators a(z) 
satisfy translation covariance of the form 

(1.1) ei D a{z x )e-"i D = a(zi+j), 

where D : V — ► V is the infinitesimal translation operator and we expand in positive 
powers of 7. If we introduce notation a(z)b = Y z (a ® b) we can write this, since 
d z a(z) = (Da)(z), as 

e^ D Y z = Y z o(e~ fD ®e~< D ), 

making clear the similarity of a vertex algebra with a associative ring M with a 
group action (where gm(a ®b) = m(ga ® gb) if m is the multiplication in M, and 
jeG, aie M, see Appendix |A"| . 

It was shown in the thesis |An g06[ that (jl.ip can not hold in the case of quan- 
tum vertex operators related to symmetric polynomials. Also, not unrelated, the 
braiding map S ZltZ2 in [EKOO] is in fact assumed to be of the form S ZltZ2 = S Zl - Z2 , 
where S z is a function of a single variable. It is also shown in |Ang06| that this 
does not holds for symmetric polynomials. 

In this paper we introduce the notion of an i/p-quantum vertex algebra (where 
Hd = C[D] is the Hopf algebra of infinitesimal translations), generalizing EKOO 
in various ways. First we need to relax the translations covariance We 
introduce, besides the braiding map S z T t ] Z2 , also another map S Z ^ Z2 011V ®V such 
that we get instead 

e 7 \°^,l = n i o(e 7l '®e^). 

Both 5l7, } 22 and \ 2 are rational functions of both z\ and z 2 , not just of the 
difference zi — z 2 as in [EKOOJ . Another difference is that in EKOO] vertex operators 
satisfy a braided version of skew-symmetry: 

(1.2) Y z oS ( jl{a®b) = e zD Y{b,-z)a. 

This relation does not make sense for quantum vertex operators coming from sym- 
metric polynomials: the braiding S Z ^ Z2 is in general singular for z 2 = 0. This moti- 
vates us to take as basic building block of the theory not the vertex operator Y z , but 
the two-variable vertex operators A ZljZ2 : V ® V — > V[[zi, z 2 ]][zf : , {z\ — z 2 )~ 1 } [[t]]. 
We can define then Y by Y(a, z)b — X z ${a®b), but Y does not longer satisfy (|1.2ll . 
See Corollary [821 for the version of skew-symmetry that holds for i?£)-quantum ver- 
tex algebras. 
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Conversely, if we start with Y , we can introduce X ZuZ2 by analytic continuation: 
we have the expansion 

(1.3) i ZUZ2 X ZuZ2 (a <g> 6) = Y(a,z 1 )Y(b,z 2 )l, 

where i Z]W is the expansion in the region \z\ > \w\. See Section [7] for details and an 
alternative definition of X ZIZ2 . 

Note that for a classical vertex algebra (and also for an Etingof-Kazhdan quan- 
tum vertex operator algebra) the translation map SiJ lZ2 is the identity, so that in 
this case 

X ZuZ2 (a <g> b) = e Z2 Y(a, z x - z 2 )b 6 ^[[«i,z a ]][(«i - z 2 y 1 ]. 

In particular in these cases X ZliZ2 (a ® b) is not singular for z\ = 0. We consider 
a more general theory where in X Zl<Z2 (a ® b) poles in z\ are allowed (and in fact 
are necessary to be able to treat the quantum vertex operators associated with the 
Hall-Littlewood polynomials) . 

In the construction of quantum vertex algebras one or more quantum param- 
eters will appear. They can usually be thought of as describing the deformation 
away from an ordinary vertex algebra. We should mention that, just as when 
quantizing universal enveloping algebras, there are two ways of interpreting the 
quantum parameters in quantum vertex algebras. Either the quantum parame- 
ters are independent formal variables or they are complex numbers. The theory of 
Etingof-Kazhdan follows the first approach, as opposed to the Frenkel-Reshetikhin 
definition of deformed chiral algebras, which considers the deformation parame- 
ter^) to be complex number(s). In this paper we also follow the first approach: 
we have an independent variable t and a ifo-quantum vertex algebra V is a (free) 
module over the ring C[[t]] of formal power series in t. When putting t — one 
gets in examples generally an ordinary vertex algebra, although we did not require 
this in our axioms. Note that Li in [Ll06aj. for instance, studies a form of the 
Etingof-Kazhdan axioms where the quantum parameter is a complex number. 

Maybe the most important difference between our -H^-quantum vertex algebras 
and classical vertex algebras (and the theory of Etingof-Kazhdan) is the following. 
We can define a products of states: a(„)6, and for fields: a(z)( n )b(z), but is is not 
longer true that that the state-field correspondence a i— > Y(a, z) a homomorphism 
of products: in general Y{ai n \b,z) ^ Y(a,z)r n \Y(b,z), see Theorem 117.11 for an 
exact statement. 

The outline of the paper is as follows. There are three parts. In the first part we 
define i/p-quantum vertex algebras in section [3] and study their properties in the 
following sections. We derive in Section [14] and [T5] fundamental identities in our 
quantum vertex algebras: the braided Jacobi identity and the braided Borcherds 
identity. These are used Sections [TH] [17] and [18] to study the S-commutator, (n)- 
products of states and of fields and normal ordered products. In Section [19] we 
derive a weak associativity relation. In the next part of the paper we assume that 
our underlying vector space V is a commutative and cocommutative Hopf algebra, 
which allows us to defines bicharacters on V in section 1211 Using bicharacters we 
construct a class -ffo-quantum vertex algebras in Section [22] and in the rest of 
this section we explore some of the properties of bicharacter i?£>-quantum vertex 
algebras. In last part of the paper, Section l25l and the following sections, we study 
in detail a single example of a Hopf algebra V with a fixed bicharacter on it. 
The resulting -H^-quantum vertex algebra is a deformation of the familiar lattice 
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vertex algebra based on the lattice L = Z with pairing (m, n) \— > mn. Some 
of quantum vertex operators in this example were used by Jing, see |Jin91j . to 
study Hall-Littlewood symmetric polynomials. In the Appendix [X] we describe 
the "nonsingular" analog of i/p-quantum vertex algebras: braided algebras with 
group action. In Appendix [B] we discuss the construction of braiding maps for 
-ffi)-quantum vertex algebras. 



2. The Hopf Algebra H d 

Let Hd = C[D] be the universal enveloping algebra of the 1-dimensional Lie 
algebra generated by D. Hd is a Hopf-algebra, with coproduct Ajj d ■ D i— > D ® 
1 + 1 ® D, antipode S: D i— » — D and counit e/f D : D i— ► 0. ifo is a fundamental 
ingredient in the construction of vertex algebras, where it appears as the symmetry 
algebra of infinitesimal translations in physical space. In this paper the full Hopf 
algebra structure of Hd will play only an explicit role when we discuss bicharacter 
constructions, in the definition of ii^i-quantum vertex algebras in the next section 
only the algebra structure will be used. However, from Borcherds' papers |Bor98j 
and [BorOl] it will be clear that in fact the Hopf algebra Hd underlies the whole 
theory of vertex algebras (and their quantum versions). 

3. ^-QUANTUM VERTEX ALGEBRAS 

Let t be a variable. We will use t to describe quantum deformations, the classical 
limit corresponding to t —> 0. Let k = C[[t]] and let V be an i/p-module an d free 
fc-module. Denote by V[[t]] the space of (in general infinite) sums 



j(f) = 5^u<t*, v l eV. 



i=0 

In case v (t) G V[[t\] has only finitely many nonzero terms we can identity it with an 
element of V. In the same way will consider spaces such as V [[z]] [z^ 1 ] [[t]] consisting 
of sums 

oo 
i=0 

We will also consider rational expressions in multiple variables and their expansions. 
For instance for a rational function in Z\, z 2 with only possibly poles at Z\ = 0, 
z 2 = or Z\ — z 2 = we can define expansion maps 

1 XX" -1 *?' 1 1 1 1 



<j zi;z 2 ■ , _ 

z\ - z 2 " Zl z\ z 2 z 2 

n>0 

i 1 , V 7 -n-l 7 n j_ j_ J_ J_ 

z\- z 2 Zl Zl z 2 z 2 

n>0 

1 ^z—^-^r, 1 1 1 1 



L Z 2 \ Z \ — Z2 ■ 

Zl " 22 Z 2 Zl - 2 2 - Z 2 

n>0 

We will write ig uZa ; Wl for i Zi;wi i Z2;Wl , aadi ZuZ ^ WltW2 for i ZuZ2 . Wl i ZuZ2 . W2 . We define 
izi;z 2 ;—;z n to be the expansion in the region \zi\ > |^| > ■ • • > \z n \- 

If A 6 V ® V then we define for instance A 23 , A 13 G F® 3 by A 23 = 1 ® A, and 
A 13 = a' <g> l (g a ", if A = a' ® a". 
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Now we are ready to define the central concept of this paper. The definition is 
rather complicated, and in Appendix lAl we explain a simpler version of this notion, 
called a braided ring with symmetry, where the multiplication is nonsingular. 

Definition 3.1. Let V be a free k — C[[t]]-module and an Hp-module. An Hp- 
quantum vertex algebra structure on V consists of 

• 1 E V, the vacuum vector. 

• a (singular) multiplication map 

X ZUZ2 : V® 2 -> V[[z 1 ,z 2 ]][z^, (z x - 2%,)- 1 ][[t]]. 

• A braiding map S 1 --^ and a translation map of the form 

si:i 2 -.v®^v^izf\z±\( Zl -z 2 r%t}} : 

Sit, ■ Vm - V 92 [4\^ (*i + 7) ±1 , (Z2 + 7), {zx - z 2 )- x ][[t}\. 
These objects satisfy the following axioms: 
(Vacuum) : For i = 1,2 

(3.1) X ZuZ2 (a® 1) = e ZlD a, X Zl>Z2 (l ® a) = e Z2 °a, 

(3.2) S ZuXa (a® 1) = a® 1, S Zl>Z2 (l ® a) = 1 ® a. 

Here and below we write generically S for both and . 
(ifo-covariance) : 

(3.3) X ZuZ2 (a®Db) = d Z2 X ZuZ2 (a $ 6), 

(3.4) (1 <g> ^ D )i zl ^ Z2 . n S ZUZ2+1 = ^,,,(1 ® e^), 

(3.5) e 7 X ZltZ2 S z ^ Z2 = X Zl J rl . Z2 + 1 . 
(Yang-Baxter) : 

o\ Ql2 qX3 q23 _ q23 q13 c-12 

^""J J Zl ,Z 2 D Zl,23 D Z2,Z 3 ~~ J 22,Z 3 J Zi , Z 3 ° Z 1 , Z 2 ' 

(Compatibility with Multiplication): 

(3.7) S Z1 ^ Z2 (X W1W2 ® 1) = (-^uiijiua 'X 1 l)izi,zi — Z2;t«i,t02'5'z 1 +i« 1 ,z 2 '5'z 1 +iD 2 ,z 2 i 

(3.8) Sz 1 , Z2 (1 ® -^"tUl,U) 2 ) = (1 ® ^l«l,tU2)*Zl-Z2.Z2;U->i,t« 2 >S'zi,Z 2 +M>i <S'z 1 ,Z 2 +lD 2 • 

(Group Properties): 

(3.9) S£ Z2 o T oSil} Zl oT=l v ®s, 

( Q irn 0(71) 0(72) _ 0(71+72) 

l°- lu J °z 1 ,z 2 a zi+7l^2+7l — °*1,»2 ' 

(3.11) S^ = ly^. 

(Locality): For all a,b £ V and k > i/iere is N > suc/i t/iat /or all c E V 

(3.12) (z! - 22)^X^,0(1 <8> X„,o)(a ® b <g c) = 



(*i -z 2 ) N X Z2t0 {l®X zlfi ) (i Z2;zi S£ Zi [b®a)®c^ 



mod i 



A- 



Remark 3.2. In the above definition zx, z 2 , wx, W 2 , 7 are independent commuting 
variables. In general one should be careful with specializing these variables. For 
instance, we can evaluate X Zl , Z2 at Z2 = but not at z\ = 0, in general. For this 
reason one can not put 7 = — z\ in (|3.5[) . □ 
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Remark 3.3. The vacuum axioms (|3.ip for z 2 = are 

X^ (a® 1) = e ZlD a, X Z1)0 (1 ® a) = a. 

In the literature on vertex algebras the first equation is called the creation axiom, 
and the second the vacuum axiom. In our formalism it seems unnatural to give 
different names to very similar statements, so we call in (|3.1|) both vacuum axioms, 
as they involve the vacuum vector 1. 

4. Intermezzo on Expansions 

Let W be a vector space and A(z\,z 2 ) 6 W((zi))((z 2 )). It is well knowrfl that 
if there is an N > such that 

(4.1) A N = (z 1 -z 2 ) N A(z 1 ,z 2 ) e W[[z u z 2 ]][z^,z^\ 

then A(zi, z 2 ) is in the image of the (injective) map i zl - Z2 , i.e., there is a (unique) 
X(zi,z 2 ) £ W[[z±, z^jlz^ 1 , z^ 1 , (zi — Z2)~ 1 ] such that we have the expansion 

(4.2) A(zx,z 2 ) =i Zl - Z2 X(z ll z 2 ). 

In fact, we can take X{z\, z 2 ) — {z\ — z 2 )~ N An- In this case we have also 

(4.3) ( Zl - z 2 ) N A(z u z 2 ) = ( Zl - z 2 ) N X(z u z 2 ). 

(Note that although A jy depends on N, we obtain the same X for all N that make 
(HU true , cf. [Li03] .) 

One way to check (|4.1|) is by finding B(z 2 , z{) G T4 7 ((z2))(^i)) such that 

(4.4) ( Zl - z 2 ) Ar A(zi, z 2 ) = ( Zl - z 2 ) N B(z 2 , zi). 

Indeed, the LHS shows that (|4.4|) has at worst a finite order pole in z 2 (by assump- 
tion on A(z±, z 2 )) and the RHS that at worst it has a finite order pole in z\ (by 
assumption on B(z 2 ,zi)). This means that (|4.4|) belongs to ,^2~ ]> 

as we wanted to show. In this case we have not only that A is the expansion (|4.2p 
of X, but also that B is the "opposite" expansion: 

B{z\,z 2 ) = i Z2 - zl X(z\,z 2 ). 

There are generalizations to more variables z\, z 2 , . . . , z n , and to various expansion 
maps. 

We will need slight refinements of these phenomena in case there is a quantum 
parameter t present. For example: 

Lemma 4.1. Let 

A{z 1 ,z 2 ;t)&W{{z l )){{z 2 ))[[t]), 
and supppose that for all k > there is an N > such that 

(4.5) A% = ( Zl -z 2 f r A( Zl ,z 2 ;t) mod t k e W[[z lt z 2 )][z^\ z^}[[t}}/ (t k ) . 
Then there is a X(zi.z 2 ) € W[[zi, z^lz^ 1 , z^ 1 , (zi — z^^ 1 ]^]] such that 

(4.6) i zl . Z2 X(z-L,z 2 ) = A{z u z 2 ). 

1 See for instance the notion of compatible fields in Definition 7.3 of Bor98], |Sny| , and the 
reformulation of compatibility in [Li03| . [Li06b] . 
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Proof. If (14. 5p holds for some N we can define 

X k = ( Zl - z 2 y N A k N G W[[zi,z 2 ]][z^,z^, ( Zl - z 2 )- 1 ][[t]]/(< fc ), 
and we have 

i Zl . Z2 X k {zi,z 2 ) = A%(zi,z 2 ;t). 
Then the X k s fit together to define a (unique) 

X(z 1 ,z 2 ;t) eW[[z 1 ,z 2 ]][z^ 1 ,z 2 ; 1 ,(zi ~ z 2 y 1 ][[t\] such that flUD holds. □ 

Note that there need be no uniform N that makes (|4.5p true for all k; consider 
for instance the case A(zi,z 2 ;t) = i Zl - Z2 e l ^ Zl ~ Z2 \ 

Lemma 4.2. If there are 

A(z 1 ,z 2 ;t) G W(( Zl ))((z 2 ))[[t}}, B(z 2 ,z i; t) G W((z 2 ))((zi))[[t}] 

such that there is for all k > an N > such that 

(4.7) (*i - 23)^(^2; = z 2 ) N B(z 2 , z x - t t) mod i fc , 

i/ien i/iere is X(z\, z 2 ) G W[[zi, ^JJIz-j -1 , z^ 1 , (zi — Z2) _1 ][[i]] smc/i i/ia£ 

i Zi;Z2 X(zi, z 2 ) = A(zi, z 2 ), i Z2 - Zl X{zi, zi) = B(z 2 ,Zi), 

and 

( 2l - Z 2 ) N A{ Zl , Z 2 ) = (Z! - Z 2 ) N B{z 2 , Zl ) = ( Zl - Z 2 )^(Z1, Z 2 ) . 

5. First Consequences of the Definition 

Lemma 5.1. 

Dl = 0. 

Proof. By the vacuum axiom (|3.ip for i = 1,2 we have 

® 1) = e ZlD l = e Z2D l € n V[[z 2 ]}. 

This implies Dl = 0. □ 

We emphasize that X Zl Z2 is assumed to be nonsingular in the z 2 variable at 
zero, so that X zi is defined. (We used this already in the locality axiom, (|3.12p .) 
Define 

(5.1) X Z :V ^V[[z]\, X z {a) = e zD a. 

We think of X z as the "singular multiplication of 1 element of V" , which happens 
to be nonsingular, just as X Z1Z2 is the singular multiplication of 2 elements. Later, 
in Theorem llO.il we will define a singular multiplication X ZI Sn of n elements of 
V. 

Then we have 

(5.2) X z (a) = X zfi (a®l), 
by the vacuum axiom (|3.ip . 

Lemma 5.2. For all a,b G V we have the following expansion: 
i zr , Z2 X ZUZ2 {a ®b) = X zifi (l (8 X Z2 ){a <g> b). 
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Proof. Since X ZllZ2 is regular at z 2 = we have 
izx;z 2 Xzx,z 2 ( a b) = e Z2dm X ZliW 1^=0= 

= X Zu0 (a®e Z2D b) bv (1331). = 

= X» 1)0 (l ® X Z2 )(a®6) by (HU). 

□ 

Remark 5.3. We derived the expansion of Lemma 15.21 from the covariance ax- 
iom (|3 . 3[) . Conversely, if we know that X zliZ2 has this expansion we see that 
d Z2 X ZltZ2 {a (g) b) and X ZltZ2 {a <8> Db) both have the same image under i zl - Z2 . So, 
*zi-z 2 being injective, we can derive the covariance axiom (|3.3p from the existence 
of the expansion in Lemma 15.21 

6. Analytic Continuation for n = 2 

To make contact with the usual notation and terminology in the theory of vertex 
algebras we introduce some definitions. 

Definition 6.1 (Field). Let V be a k-module. A field on V is an element of 
Bom(V,V((z))[[t]]). 

So if a(z) is a field, we have for all b 6 V 

a(z)b€V((z))[[t]]. 

Definition 6.2 (Vertex operator). If V is an Ho-quantum vertex algebra we 
define the vertex operator Y(a, z) associated to a G V by 

(6.1) Y(a,z)b = X Zi0 (a®b), 

for b 6 V . We will also use the notation Y z : a <S> b <—> Y(a, z)b, so that Y z — X z ,q. 

Note that the vertex operator a(z) = Y(a, z) for an i/^-quantum vertex algebra 
is a field, for all a £ V. 

We can rewrite Lemma T5. 2 1 as follows: 

Corollary 6.3 (Analytic continuation). The singular multiplication X Zl>Z2 (a<8> 

b) is the analytic continuation of the product of vertex operators Y(a, Zi)Y(b, Z2)l, 
i.e., 

i Zl ;z 2 X ZliZ2 {a ® b) = Y(a,zi)Y(b,z 2 )l. 

Remark 6.4. In Theorem 1 1 . 1 1 we construct an n-variable version X glig2i ,„ tZn of 
the singular multiplication satisfying 

izv,z 2 \...;z n X zl , Z2 ,..., Zn {a 1 ® a 2 ® ■ ■ • ® a n ) = Y(ai, z 1 )Y{a 2l z 2 ) . ■ .Y(a n ,z n )l, 

i.e., we construct the analytic continuation of arbitrary product of vertex operators. 

Remark 6.5. At this point we would like to emphasize that the axions we use 
are much weaker than those of Frcnkcl-Rcshctikhin, FR97]. Indeed, one of their 
axioms not only requires that the product of (quantum) vertex operators can be 
analytically continued, but also that the resulting function is meromorphic in the 
variables. This is not always the case in our i?D-quantum vertex algebras. For 
instance, we allow a singular multiplication X Zl ^ Z2 (a (g) b) with a singularity of the 
form e t / lyZl ~ Z2 \ but this does not satisfy the Frenkel-Reshetikhin axioms, as there 
is an essential singularity at Z\ — z 2 . In our setup the quantum parameter t is an 
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independent variable (and we always expand in positive powers of t), whereas in 
Frenkel-Reshetikhin t is a complex number. 

7. Alternative Axioms 

We have formulated the axioms of an Hp- quant um vertex algebra in terms of 
the rational singular multiplication X Z1:Z2 . Traditionally the axioms of a vertex 
algebra have been formulated in terms the 1-variable vertex operator Y z . Let us 
briefly indicate how this would work for 77^-quantum vertex algebras. Our axioms 
from Definition l3.il would change slightly. We start out with assuming the existence 
of a map 

Y Z :V®V ^V{{z))[[t]], 

instead of the singular multiplication X Zl ^ Z2 . The braiding and translation maps 
and S(t) are as before. The vertex operator satisfies the following axioms: 
(vacuum): 

Y z (l®a) = a, Y z (a®l) = e zD a 

(ifo-covariance) : 

(7.1) i^Yia, z + 7 )e 7 ' D 6 = i z ,-^ D Y z o S ( $(a ® b). 
(Compatibility with Multiplication): 

(7.2) S Zl: z 2 (Y w (g) 1) = (Y w (g) l)izi,zi-z 2 ;wS Zl+WjZ2 S ZljZ2 , 

(7-3) S Zl . Z2 (l ®Y W ) = (1 ® i / U))izi-Z 2 ,Z2;'!«'S'zf, Z 2+lD'^zf,Z2- 

(locality): For all a, b e V and k > there exist N such that for all c G V 
(7.4) {z-w) N Y{a,z)Y{b,w)c={z-w) N Y w (l®Y z ){S WtZ {b®a)®c) mod t k . 

Given these axioms we can reconstruct X ZltZ2 . 
Lemma 7.1. There exists a map 

X ZUZ2 :V(g>V^ V[[z 1 ,z 2 ]][z-\ (zi - z 2 )- 1 ][[t}} 

such that 

i zl -z 2 X ZUZ2 (a®b) = Y{a,z 1 )Y{b,z 2 )l. 

Proof. Let A(zi, z 2 ) = Y(a, zi)Y(b, z 2 )\. By definition of the braiding S^ 1 "' and the 
locality (|7.4p we have for all k > an N > such that 

( Zl - z 2 ) N A( Zl ,z 2 ) E V[[z 1 ,z 2 }][zi 1 ]}[[t]} mod t\ 
and the Lemma follows from Lemma 14.11 □ 

Thus we can define in the present setup the singular multiplication X ZltZ2 to be 
the analytic continuation of the product Y(a, zi)Y(b, z-i)\. 

Alternatively, given the fields Y(a,z) for any a S V we can define X ZltZ2 as 
follows: 

Definition 7.2. For any a,b G V define 

X ZuZ2 {a ® b) = e^ B Y z ^ Z2 S^l z ^{a ® b). 
The two definitions are equivalent: 
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Lemma 7.3. If X ZltZ2 is given by Definition \ 7. 2\ then 

i Zl -, Z2 X ZuZ2 {a <g> b) = y(a, z x )e^ D b = Y{a, Zl )Y(b, z 2 )\. 
The proof follows from (|7.ip and the vacuum axiom. 

To obtain the axioms of Section [3] note that Lemma 17.31 implies the covariance 
axiom (|3.3[) , by Lemma 15.21 and Remark 15.31 The rest of the axioms follow imme- 
diately. 

Remark 7.4. We give in Definition 17.21 a direct construction of X Zl:Z2 in terms 
of Y z , without using analytic continuation. It seems not so easy to give such an 
explicit formula for the singular multiplication X Xu ... )Zn of n elements of V , to be 
introduced in Theorem 1 1 . 1 1 using analytic continuation. 

Remark 7.5. In the case of classical vertex algebras, as well as Etingof-Kazhdan 
(EK) quantum vertex operator algebras or Frenkel-Reshetikhin deformed chiral 
algebras, the translation map Szl; Z2 1S the identity, so that in this case 

(7.5) X ZuZ2 (a ® 6) = e z - D Y{a, z x - z 2 )b G V[[z u Z2]][(zi - z 2 )- X ]. 

In particular in these cases we can let z\ — as X zltZ2 (a (g) b) is not singular for 
z\ = 0. That is no longer the case for the examples of vertex operators connected 
to symmetric polynomials. Therefore we have allowed for singular multiplication 
maps which are singular in z\ (but not in z 2 , if we want to be able to define Y z 
fields as above) . It is possible to modify the theory further to allow for singularities 
in both the variables, but we haven't yet encountered examples which would call 
for such generalization. □ 

The conclusion of this section is that we can start either with Y z or with X ZltZ2 
as fundamental ingredient in the theory. Since there are by now hundreds of papers 
on vertex algebras written in terms of Y z we have allowed ourselves to emphasize 
X ZliZ2 in this paper. 

8. Braiding and Skewsymmetry 

An important fact of the theory of classical vertex algebras is that the singular 
multiplication maps X Zl _ Z2 are "commutative", i.e., we have for any a, b G V 

X ZuZ2 {a ®b) = X Z2tZl (b®a). 

In the case of i?D-quantum vertex algebras the singular multiplication maps X Z1>Z2 
on V® 2 are no longer "commutative" , but rather "braided commutative" , as shown 
by the next Lemma. 

Lemma 8.1 (Braided Symmetry). For any a, b G V 

X ZUZ2 (a®b)=X Z2 , Zl S£ Zl (b®a). 

Proof. Let E = X Zl , Z2 (a ® b) , F = X Z2 >Zt S z l] Zl (b ® a). We have 

i Zl - Z2 E = X zl: o(l ® X Z2 )(a ® b) = by Lemma [Ol 
!<V l ' = X ZuQ (l®X Z2fi )(a (8)6®1) by dSHJ. 

On the other hand, by the same calculation, 
(8.2) i Z2 , Zl F = A%, (1 ® X Zlfi )(i Z2 . Zl SQ Zl [ b ® a ) ® !)■ 
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By the locality axiom (|3.12|) the RHSs of (|8.1j) and Ij8.2|) are after multiplication 
by (zi — z 2 ) N equal modulo t k . But then there is for all k > an N > such that 
for the LHSs we have 

(zi - z 2 ) N E = (zi - z 2 ) N F mod t k . 

Since E and F both belong to V[[zi, 22]] [^i" , z ^ i ( z i ~~ z 2) _1 ][[i]] this implies that 
they are in fact equal. □ 

Corollary 8.2 (Skewsymmetry). For any a,b we have 

e z * D Y Zl _ Z2 o S^l 2fi (a ® b) = e^ 2 _ zi o sj?2 guQ o 5« Z1 (6 ® a). 

The proof follows from Lemma 18.11 and Definition 17.21 

Remark 8.3. In the case of EK quantum vertex operator algebras the translation 
map s|7,z 2 is t ne identity, and the braiding map depends on a single variable z\ — z 2 , 
therefore we can substitute z\ — and we get the EK braided skewsymmetry 
relation 

e zD Y(a,-z)b = Y z oS ( i r) (b®a), 

where S z r] = fig. 

Note that we cannot substitute z\ = in general as S z T 2 ] Zl might be singular at 
z\ = 0, see Section [25] The skewsymmetry relation in Corollary 18.21 looks much 
less appealing than the braided symmetry relation in Lemma 18.11 Many of the 
properties of -/Jo-quantum vertex algebras look more symmetric in terms of the 
singular maps X Zl , Z2 , which was one of the reasons we prefer working with them, 
rather than the Y z fields. 



9. Braiding Maps for n > 2 

The singular multiplication map X ZltZ2 on V® 2 is invariant under simultaneous 
interchange of the variables zi,Z2 and the factors in V® 2 , up to insertion of the 
two variable braiding map S Zl ' Z2 , according to the Lemma 18. II In the next section 
we will construct for all n > 1 a singular multiplication map X Zl ,...,g n on V® n , see 
Theorem llO.il These are invariant under simultaneous permutation of the variables 
Zi and the factors in V® n , up to insertion of an n variable braiding map S( ± z , 
see Corollarv ll0.2l In this section we construct these braiding maps. 

Let n > 2, I n = {1, 2, . . . , n} and let S n be permutation group of I n , i.e., the 
group of bijections f : I n — ► /„. Let Wj = (ii + 1) G S n (where i = 1, 2, . . . , n) be 
the simple transposition given on j G I n by 

i + 1 j = i 
i j =i+l 

Then S n is generated by the Wj, with as only relations 

(9.1) = 1, w,w 1+ iw, = w 1+1 w,w j+ i, 

and 



(9.2) 



w.jWj = WjWi, \i-j\ > 2. 
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Now let V be a free fc-module, and define a right action for f £ S n on the ra-fold 
tensor product of V by 

a t : V® n F® n , A„ i-> Of ( i) ® Of (2 ) ® .. .a f(rl) , 

where A n = oi <8> a 2 ® . . . a„ £ F® n . Letr:a(g)&i-^o®a£ V® 2 . Then 

tr W( =< < - 1 ®r®l n - i - 1 . 

Here we write l k for ly (8 ly (g) . . . <g> ly, the fc-fold tensor product of the identity 
ly : V — ► V. We emphasize that if f = gw^ then <7f = <7 Wi <7 g . 

Let Rat Zl)Z2) .,. lZn be a space of rational functions in n variables. Then S n acts 
on the left on Rat Zl)Z2j ... iZn by permutation the variables: if f € >S n and A Zl Xn £ 
Rat Zl Z2 Zn , then we put 

f-A*L, ...,*„ = ^4f(zi,z 2 ,...,z„)i 

where we write f (21, z 2 , • • • , z n ) for z f(1) , z f(2 ), . . .,Zf(„). 
Now let Map Zl ^ ... j. (V® 71 ) be the space of linear maps 

y®n ^ V r®n [z ±l j _ ^)-l][[t]], 1 < i < j < n. 

We have an action of 6>„ on Map Zi Z2 2 (y® n ) combining the action of S n on y®" 
and on rational functions: iff 6 5„ and A Zlt ... tZn £ Map Zi Z2 g, (V®™) then define 

f-4*i,...,z„ = o-fT 1 o A f ( Zl)Z2) ... i2 . n ) o at. 

Now let V be an -H^-quantum vertex algebra. So we get, by definition, in particular 
a braiding map S Z i t z z £ Map Zi Z2 (V® 2 ). For simplicity we denote it by S^.^ in 
this section, as we will not use S Z 1' Z2 here. It satisfies, see Definition 13. 1[ 



(9.3) S ZuZ2 O T O S Z2 , Zl O T = ly®2, 

( Q a \ cl2 ol3 c23 _ q14 o13 q12 

D Z 1 ,Z 2 J Zl,Z 3 D Z 2 ,Z 3 — D Z1,Z 3 J Z 1 ,Z 3 D Z 1 ,Z 2 - 

We will to use the braiding matrix S ZlyZ2 to define a map S n — > Map Zi Z2 Zn (V®™) 



Definition 9.1 (Braiding maps). Define for each f £ 6>„ an element Zn 
o/Map Zi Z2 z (V® 71 ), callled the braiding map associated to f, oy expanding f ('in 
any way,) zn simple reflections Wi and using 

^:...^ = i < - 1 ®^ +l ®i n - i - 1 , 

and 

( 9 - 5 ) ^z?,...,z„ = 5f 1; ..., Zn a g ^_ 1(zi) ...^ ) (a f )- 1 . 

The point is that to define S 1 ^ z for f £ S„ , we can take any decomposition 
of f into simple transpositions Wj, i.e., this definition is unambigious. The proof of 
this statement is discussed in Appendix [Bl 

10. Analytic Continuation for n > 2 

If V is an iJ^-quantum vertex algebra, recall that we have the "singular" multi- 
plications X z and X Z1<Z2 of 1, respectively 2 elements of V, see (|5.1j) and Definition 
13.11 We will in this section construct singular multiplications X Zlt „, iZn of n elements 
of V. 
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Let f n = W1W2 . . . w„_i be the n-cycle (123 . . .n) and consider the associated 



braiding matrix £*" ...«„• We have f„ = wi(23 . . . n). Writing f n -i = (23 . 
°"n = <^f„ we find from (|9.5p that 



and 



(10.1) 



z 2 ,z 3 ...,z n ,z 1 ri 



(Kg) s 



tn-1 



We will frequently use the abbreviation 

(10.2) p„ =p n (zi,z 2 ,...,z„) = J| Zi-Zj. 

l<i<j<n 

Theorem 10.1 (Analytic Continuation). Let V be an Hp-quantum vertex al- 
gebra. There exists for all n > 2 maps 



smc/i i/iai 
(10.3) 
and 
(10.4) 



: f®" -> V[[z k ]][z-\ ( Zi - zj)- 1 ]^]], 1 < i < j < n,i < k < n 



x 7 . 



X 



Z\ , . ..,z n 



x z 



X zu0 (l®X z 



Zn,zi>~'z2,...,z„,zi w ni 



where S z ™ Zn z is defined in Definition \9.1\ 

Proof. The theorem is true for n = 2 by Lemma 
theorem is true for £, 2 < £ < uq and let n = uq 
implies that 



and Lemma \8. 11 Assume the 
1. The induction hypothesis 



X Z2 ,z 3 ,...,z n — X Z2i o(l ® Xz 3 ,z 4 , 



so that for all k > there is an N > such that 

(10.5) Pn-lX Z2 ,z 3 ,...,z n = pSLl^,0(l ® X, 

Also we have 



„zj mod t k 



(10.6) ^Zl,Z 3 ,Z4-..,Zn — -^Z3,Z4, 



Qfn-1 „ 
,z„,zi J z 3 ,Z4,...,z n ,z 1 c> n-l- 



Consider E = X Zu q(1 ® X Z2tZ3j ..^ Zn )(A n ), A n e V® n . This is an element of 



Viizx))^, z 3 , . . . , z n ]][z{ 



, z n _i, [zi — zj) 2 < i < j < n, and we want 



to show E is in the image of the expansion i Zi; 



For this it suffices to show 



that for all k > there is an N > such that p 1 ^ E has at worst a finite order pole 
in z\ . This is a small calculation: for all k > there is N > such that modulo i fe 
we have 



pZE = pZX Zlfl {l ® (X Z3 ,o(l ® X Z3 ,..., Z J))(A„) = 
= j»^, (l ® (X, 1)0 (l ® X Z3 _ z J))(t Z2 , Zl S z l] Zi r C 
= ^X Z2 ,o(l ® (X ZltZ3t ... tZn )))(S% Zl T ® l n - 2 )(A n ) 



I n-2 



)(A0 



L <7 n -l)X 



K ^2,0(1 ® )))(i ® ^r/ 4 ,.. 

x(C ) Zl ^® 1 ^ 2 )(^) = 
p£X Z2 ,o(l®(X 

Z 3 ,Z 4 ,...,Z„,Zi)))<S' Z 2 iZ 3 j ... j z ?Ii z 1 0'„(A n ) — 



by (01151) 
by (l3~T2l) 

by mnD 

by (Ti\TB 
by pH). 



We see from the last expression that p„ i? has at worst a finite order pole in z\ and 



hence there is X z 



Zn such that (TTTH]) holds. 
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Next consider F = Xz 2 , Z3 ,..., z „, Zl S^ Zat ^ ZniZl a n (An) and G = X Zlt ... tZn (A n ). 
For all k > there is an N > such that modulo t k 

By what we just proved we have 

iz 2 ;z a ,...,z n ,z 1 F = X Z2 fi(l (g> -Xz3,...,2 rar 3i)2z 2 ;Z3,— ,Zn,*l ^Z2,Z3, ...,Z n , Zl (Tn G^™)> 

and so for all k > there is N > such that modulo i fc we have 

Pn F = Pn X z 2 fi( 1 ® ^ 3 ,---^„^i)^2^3,...,^, 2 i'5'^, 2 3,...,^^i Cr ™(^») =Pn E =PnG- 

Since G, F both belong to V^pr 1 , ( Zj - z^-) -1 ]^]] this forccs G = F, i.e., pin]) 



holds. 



□ 



Corollary 10.2 (Analytic Continuation for products of fields). For alln > 2 
and 1 < i < n — 1 we /laue, j/ A n = a± eg) a2 <8> . . . (8) a n , the expansion 



•>z 1 ;z 2 ;...,Zi;Zi +1 ,Zi +2 



,...,z„X Zu .,„ Zn (A n ) = X Zli0 (ai ®X Z2 $(a 2 ® . . 



. . . (a»_i ® X^,o(ai ® ^* <+1 ,« <+a ,...,* n (ai+i ® ai+2 ® ... ® a n ) . . . )))). 

In particular the case of i = n — 1 of the Corollary is (using the notation (|6.1|) ) 

(10.7) iz i;22 ;...;z„^ 2l , Z2 ,...,z„(An) = F(ai, z 1 )Y(a 2 , z 2 ) ■ ■ ■ Y(a n , z n )l. 

In other words the n-variable X zllZ2l ,,, lZn (A n ) is the analytic continuation of the 
composition of n vertex operators acting on the vacuum. 

11. Further Consequences 

Lemma 11.1. The infinitesimal forms of the Hp-covariance axioms (|3 .4(1 . (13. 5|) 

are 

(n.i) (i®D + a Z2 )^ llZ2 = & 1)a3 (i®i>), 

(11.2) DF(a, z)6 = d z Y(a, z)b + Y(a, z)Db -Y z o a zfi (a <8> 6). 

where a ZuZ2 is defined to be d^Sz2!z 2 - and satisfies the infinitesimal form of the 
vacuum axioms (13. 2j) 

a*i„r 2 (a® 1) =0, a Zl , Z2 (l ® 6) = 0, 
Lemma 11.2. For all a,b 6 V 

(11.3) ^ lA pa®6) = 9 2l X JlA (a®6), 
Proof. By the previous Lemma 111. II 

X ZltZ2 (Da®b) = X XuXa T(l ® D)(b <g> a) = 
= X z ^ zl S z l] Zl (l®D)(b®a) = 
= X Z2tZl (l®D + d Z2 )S z l> }Z1 {b®a) 
— \ 9 Z2 (X Z2jZl )S^ Zi 
= d Z2 (X Z2 , Zl S z l ) 1 )(b®a) 



■X Z2 , Zl d Z2 S z T 2 Zl ){b®a) 



by Lemma I5TT1 
by (TEH 
by 03) 



9 Z2 X Zl! 2 2 (a <£> b) 



by Lemma |8. 11 



proving (|1 1 .3[) . 



□ 
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Corollary 11.3. For alln>2, 1 < i < n and A n = ai <g> a 2 <8> ■ . ■ <8> a n S V® n we 

have 

d Zi X ZuZ2t ,„ tZn (A n ) = X Zl . Z2 .,„ iZn (ai <g> . . . <g> Dai ® •• • ® <v))- 

Proof. For n — 2 and i = 2 this is axiom (|3.3p . and for i = 1 this is Lemma Til .21 
Put for n > 2 

J5 = a Zi X 2l!Z2i ... !Zii (A„), F = X ZltZ2 ^ Zn (ai <g> . . . <g> L>a, ® . . . <g> a„). 
Since 3 Zi commutes with expansions we have 

i zl ; Z2 ;...; Zi ; Zi+ i,..., Zn E = X Zlfi (ai ® X Z2fi {a 2 ® ... 

. . . (oi-i ® d Zi X Zit0 (a,i <%> X Zi+u ... iZn (a i+ i ® . . . <g> a„)) •••)))= by Corollary [1021 
= ^zi,o(ai ® ^ Z2 ,o(a2 ® ■ ■ • 

. . . (oj_i ® X Zzfi {Dai ® X 2i+li ...^„(a i+ i <g> . . . ® a„))) •••))= b y LemmaEH 
= « 2 ; 1 ; Z2 ;...;^; 2i+1 ,... A i ? by Corollary [1021 

Since both i? and F 1 belong to ^[[zj]]^ -1 , (z, — z) _1 ][[t]], 1 < i < j < n, and have 
the same expansion they must be equal. □ 

Lemma 11.4. For all n > 1 and A n = a\ ® a 2 <8> • ■ ■ <8> a n € V n we ftave 

X XuZa ,..., Zn ,o(An ® 1) = X Zl , Z2 ,... A (A„). 

Proof. For n = 1 this is (|5.2p . Assume that the lemma is true for all 1 < ^ < no, 
and let n = n + 1. Put £ = X zl , Z2 ,..., Zn , (A n ® 1), F = X Zl , Z2 ,..., z „(A„). By 
Theorem 110.11 and the induction hypothesis 

iz 1 ;z 2 ,..., Zn E = X Zu0 (ai <g> X Z2t ... ;Zni0 (a>2 ® a 3 ® . . . ® a„ 1)) = 
= X Zli0 (ai ® X Z2t ... tZn {a 2 ® a 3 ® . . . ® a„)) = 

i'Zi\Z2,...,Z n F. 

Since both _E and F belong to V [[z^]] [z 4 _1 , (zj — 1 < i < j < n, and have 

the same expansion they must be equal. □ 

Lemma 11.5. Suppose that <Sl7,z 2 * s ^ e identity map on V®V . Then the following 
is true: 

(11.4) £>X^ 2 = (5 Z1 +9 Z2 )X Z1 , Z2 =X ZltZ2 {D®l + l®D), 

(11.5) [A%«)] = Wa,z), 
(H.6) X Zl , Z2 o(a zi +9 Z2 )5M Z2 =0. 

Proof. The second property is a direct consequence of Lemma lll.ll The first equal- 
ity follows from expanding both sides of (|3.5p in powers of 7 and comparing the 
coefficients in front of 7 1 . 

For the last part rewrite (|11.4p as 

e^ D X ZUZ2 = X ZUZ2 A(e^ D ), 

where A is the coproduct of Hp, so that A(e lD = e lD ® e 7jD ). Similarly rewrite 
the ffo-covariance axiom (I3.4p for the braiding as 

(1 ® e^ D )S ZuZ2 = e^ +d ^S ZuZ2 {\ ® e^ D ). 
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By differentiating with respect to Z\ the axiom (13. 9p we obtain a similar equation 
involving d Zl and e^ D ® 1, and we combine these as 

Now we calculate 

= X^ 2 A(e^ D )S zl , Z2 r = 

= X Jl)22e ^ a ^^)sW 2 rA(e^ D ). 

On the other hand 

e^X^ = X ZUZ2 S zl>Z2 TA(e-~< D ). 
By multiplying by A(e 7l? )r on the right we find 

Y p7(9«i+9* 3 ) C(f) _ v <?( T ) 

from which (| 11 . 6[) follows. □ 

Remark 11.6. In the context of the lemma above it is natural to assume that 
Sz2*2 i s a function of just z\ — z 2 . In this case V is a quantum vertex operator 
algebra as defined by Etingof-Kazhdan, see [EKOOj (except for the fact that they 
insist that the braiding is of the form S^ T ' = 1 + 0(i)). 

12. Braiding and singular multiplication 

We have seen that the n-fold singular multiplication has cyclic symmetry: if f„ 
is the cyclic permuation (123 ... n), then 

(12.1) Xzi,...,z„ = ^f«(zi,-..,Zn)^'f"(j: i ..., Zn ) cr n' 



see Theorem 110.11 In this section we show that in fact the n-fold singular multi- 
plication has arbitrary permutation symmetry: in (|12.1[) we can replace f n by any 

feS n . 

Lemma 12.1. For all n > 2 we have 

Xz lt z 2 ,...,z n = X w 1 (z 1 ,z 2 ,...,z n )S z V 1 )..^ Zn (T <8> T l ~ 2 ). 

Proof. Let E = X Zl , Z2 ,..., Zn (A n ), F = X Za , Zl ,..., z „ o {S&} Si r ® 1™~ 2 )(A„), A„ 6 V®". 
Then there exist for all fc > an N > such that modulo t k 

PS r **i i «i;»8,« 4 ...,*»-B = P^^*i,o(l®^«,o(l®^»3,« 4 ,...,*»))(A,) by Thmim] 
= pX ! o(1®1z 1 ,o(1®^ iZ1 ,. A ))(^ 1 ®1 8 "" 2 )K) - by J3H 

by Theorem 110.11 again . Since both E and F belong to V[[zi]][Zj -1 , (zj — 

1 < z < j < tt,, and have the same expansion they must be equal. □ 

Recall that the first simple transposition and the cyclic permutation /„ = 
(123 ...n) generate S„. 

Corollary 12.2. J/f 6 5 n is a permutation of {1,2, ... ,n} and Of (A n ) — at m ® 

Of ( 2 ) <8> • • • a f(n)> ^ erl 

( 12 - 2 ) **i,...,*n =- X 'f(»i,-.a») ,S ?(»i,...,*„) <7 f- 
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Proof. Suppose we have two elements f, g £ S n such that ()12.2j) holds. Then, by 

X fg(z 1 ,...,z n )S f f g {zi ^ n) 0-f s = ^fg( Zl ,..., 2: „)S'fg( Zl! ... iZn )C r gS'g (zii ... !Zii) crf = 

= ( -( X S^U---,^) S g( Zl ,...,z n ) a s) S f(zu---,z n ) cr { = 

= f -(^(zi,..., Z „))' S 'f( Zl ,..., z „) cr f = 
= Xzi,...,z n ■ 

So if (|12.2[) holds for f and for g it holds for fg. But we know that (|12.2p holds for 
f„, by Theorem llO.il and for w 1; by Lemma Tl 2. 11 and these elements generate S n . 
So (fT2~2"|) holds for all f G S n . □ 

13. Expansions of A Z1iZ2i0 

We have seen that the expansion of J Zli ... i2tl (in the region \zi\ > \z2\ > ■ ■ ■ > 
\z n \) is expressed as a composition of 1-variable vertex operators. In particular, for 
u = 3we get, if A = a <g> b <g> c, 

iz l -z 2 X Zl ^ Z2fi {A) = Y(a, zi)Y(b, z 2 )c, 

see (|10.7j) . In this section we find other expansions of A ZliZ2 .o that have useful 
expressions in terms of Y z . 

First we need a variant of the analytic continuation Theorem llO.il 

Lemma 13.1. 

A Zl ,22 (1 ® X w Qi Z2 - w S w q ) — l Zl — Z2 ;Z2 :w X Zl ,Z2+W,Z2- 

Proof. 

^•zx;z2 X zi,Z2 0- ® X w j)i Z2 - w S^ w J) — 

= X Z1>0 (1 ® e aD I ffi ,oi a; „Sg) = by LemmafO 

= X Zlt0 (l ® i Z2 . w X w+Z2 . Z2 ) = by Axiom (|3T5]) 

= iz2;wiz 1 :w+z2,z 2 X Zl ,z2+w,z2 = by Thm. 110.11 

= izi\Z2^Zl— Z2,Z2;wX Zlt Z2+W,Z2 ) 

since 

««i;» 2 *«i-*a;«t/(- z l ~ z 2 - «?) = «z 2 ;M)i Zl ;u)+z 2 /(zi — Z2 ~ «>)• 

The Lemma follows then by cancelling i Zl ;z 2 - ^ 

Next we need a variant of the compatibility with multiplication Axiom 
Lemma 13.2. 

q( T ) (■\ fa Y q(~ f ) \ — (I to, Y cW\: c( T ) 12 q(t)13 

^Zi.ZaV 1 ^ ^Wfi&wfi) — K 1 <® ^W,0^ w fi)l'Z 1 -Z2,Z2)wJz 1 -Z2+W D Z 1 .Z2 ■ 

Proof. We need some simple identities. By Axiom (|3.4j) 

(13.1) X W fiS^ = e 
By Axiom !(3~3)) 

(13.2) SiTk( 1 ® e_7l> ) = (l®e-^)i Zl _, 2 , Z2;7 4^ 2 _ r 
Finally, by Axiom (|3~8| 

(13.3) S«, a (1 ® X w , ) = (1 ® X wfi )i Zl -z2,z 2 -, w S z l]l 2 2+w S z l]ll 
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Then 

CU 1 ® X»,oS$) = Sjg, a (l ® e-^X w+7 , 7 ) = by CHJ 

= (1 ® e-^)i Zl ^ Z2 , Z2;7 5^ ) Z2 _ 7 (l <g> X w+7)7 ) = by ((mi) 
= (l®e-"> D )(l®X w+y „)x 

= (i®jr 10 ,osQ)x 

5 (T)12 +r ,5 (T) r 13 = bv (fmi) 

Zi .29 — 'V4-C71J — 'Vl Z1 . ZO — 'Vl-l-'V 17 11 * 



x «z 1 -z 2 ^ 2 ;7*z 1 -z 2 -7^2-7;M'+7,7 a 2i,22-7+(tu-7) C 'zi,(z2-7)+7 



fioy c(t)y> q( t ) 12 c(t) 

\ L ® ^«>, 0^10,0^21-22, Z2;W Zl,Z2+W°Zl,; 



13 

Z2 ' 



since 



^l-^2-7^2-7;™+7,7/(( Z - 7) + (W + 7)) = izi-Z2,z 2 ;wf(z + W) 
i zl -z 2 - 1 ,Z2-T,lf(( Z - 7) + 7) = /(«)• 

□ 

Remark 13.3. Note that in Lemma Tl 3. 21 we establish the equality of two compli- 
cated expressions that depend on 7 only via the powers (w + 7)™. In particular we 
can take 7 = z%, and the equalities will still hold, although the proof of Lemma 
113.21 breaks down in that case, as S^ need not be defined. 

Proposition 13.4. Let V be an Hp-quantum vertex algebra, and A = a ®b ® c £ 

y®3 _ jTjgjj we have the following expansions: 

(13.4) i Zl]Z2 X ZuZ2i0 (A) = Y(a, Zl )Y(b, z 2 )c, 

(13.5) t Z2 -, zl X ZUZ2fi (A) ^Y Z2 {l®Y zl )i Z2 , zl S%] z ] 2 {b®a®c) 1 

(13.6) i Z2 , Z3 X Z2+Z3iZ2i0 (A) =Y Z2 (Y Z3 ®l)i Z2 ; Z3 S% ] 12 (a®b®c). 

Proof. (TT3T41) is (flUT)) for n = 3 and z 3 = 0. By Corollary [HJ (for n = 3 and 
/ = Wx) we have 



X ZUZ2>Q {A) = X Z2iZu0 [s z T 2 ] Zi {b ® a) ® c) 



Expanding this equation by applying i Z2 - Zl and using (|13.4p and definition (|6.1j) 
gives (fl"3~5]) . 

For the last part, let f = (132) = W2W1, so that Uf (a ® 6 ® c) = c Cg) a ® &. Then 

•5(f) = SJi,*,,*,^ = 5 '^! 2 2, 2 3 T l' 5 'w i %i,2 2 , 23 ) T l = 

_ c(t)12c(t)13 

— °Zl,Z 2 Zl,X 3 "f ■ 

Therefore 

\ 10 -' ) °f(z 2 +W,Z 2 ,Z 1 ) — °Z+1,Z 2 +W,Z 2 — Z 1 ,Z 2 +W°Z 1 ,Z2 ' 
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Let E = X Z2 , Zl (X Z3 , i Z2;Z3 Sl z J ® 1)(A). Then 

E = X zu ^Sill 2 T(X Z3:0 i Z2 . lZ3 S^ ] 8 1)(A) = by Lem. 

= X z1 , Z2 S { z t) Z2 (1 ® X Z3 , i Z3;Z3 5^)(c <g> a g> 6) = 



Zi.z 2 



(l ® ^s.oWs^o) i zi-z2,z2;z3'S'zl! z 1 2 2 +z3 S ' z l! z 1 2 3cr f(- 4 ) = b y Lemma 
[TOl and Remark [TO 



^ 1 - Z2 ,z 2i z 3 ^zi,z 2 + z 3 ,Z2'S'zI? z 1 2 + Z3 S 'zl!z 1 2 ) ff f( A ) = b y Thm - EH] 

: *Z1-Z2,Z 2 ;Z3 ^*l,«2+*3.«2^*(*3+*3.*2.*l)) °" f (^) = ^ ([13.7) 

= j zl - Z2 ,z 2 ;z 3 ^"z2+z3.z2,zi (-4 by Thm. 110.11 

Putting 21 = proves then (|13.6p . □ 

14. The Braided Jacobi Identity 

In one approach to the usual vertex algebras the Jacobi identity for vertex op- 
erators is the basic identity, see e.g., |LL04| . In this section we derive the braided 
analog in our context of i?£>-quantum vertex algebras. 

Introduce some more notation. If f{z\,Z2) € C[[zi, 22]] [z^ , z^ 1 , [z\ — z 2 ^ x \ 
define the difference of expansions of / as 

(14.1) 5(f(z 1 ,z 2 )) = [i zi;Z2 -iz 2 -z 1 )(f(zi,z 2 )). 
For instance, 

(14.2) S (^—) = S( Zl ,z 2 ) = £ z^ n ~ l . 

This is the usual Dirac Delta Distribution. 

Recall that in this paper we are always expanding all expressions in positive 
powers of t. For instance, if we write * t we mean ^2 n>0 (tz 2 ) n / z™ +1 . Thus we 
have, for instance, 

(14.3) 5 (^—) = 0. 

\zi - tz 2 J 

Lemma 14.1. For all f(zi, z 2 , 23) <G C[[zi, z 2 , 2:3]] [z-f 1 , z^ 1 , z^ 1 ] we have 

i Zl ;z 2 (S(zi - z 2 , z 3 )/(zi, Z2, z\ - z 2 )) - i Z2 - Zl (5(zi - z 2 ,z 3 )f(zi, z 2 ,zi - z 2 )) 

> ... : . (S(z 1 ,z 2 + z 3 )f(z 2 + 23, z 2 , z 3 )) . 

Proof. See for example Proposition 2.3.26 in [LL04] . □ 

Definition 14.2. We will write a(z) for the 1-variable vertex operator Y(a, z), the 
field associated to a 6 V . 

Theorem 14.3. (Braided Jacobi Identity) Let V be an Ho-quantum vertex 
algebra. For all a,b, c £ V we have the identity: 

ixv,x3 S ( z l ~ z 2, z 3 )a(z 1 )b(z 2 )c - i Z2;zl S(z 1 - z 2 , 2 3 )y z2 (l (g> Y zl )S^\ 2 (b <g> a ® c) 

= i zr , z Azu z 2 + z 3 )Y Z2 (Y Z3 <g> l)S^' 12 (a ® b <g> c) 
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Proof. Let V* be the dual of V, fix v* 6 V* and let ( , } be the pairing V* V — » 
fc = C[[<]]. Then for all A = a <g> 6 (g> c € V® 3 we have 

p>0l,m,n£Z K ' 1 2 

for gi,m,n,p(zi, z 2 ) G C[[zi, 22]]- (The sum over l,m,n is finite, for each p.) Define 
then 

= £ x: ^#^t p ec[[, 1 ,, 2! , 3 ]][.r\^.% 1 ]i]. 

p>Ql,m,n& Z 3 Zl Z 2 

Then we have by Corollary 1 13. 41 

i Zl . Z2 F(zi, Z 2 , Z\ - z 2 ) = (v*,a{z 1 )b(z 2 )c), 

i Z2 ,z 1 F(z 1 ,z 2 ,z 1 - z 2 ) = (v*,Y Z2 (l®Y Zl )i^. iZl S£ ) < £ 2 (b®a®c)), 
i Z2 ;z 3 F(z 2 + z 3 , z 2i z 3 ) = (v*,Y Z2 {Y Z3 ® l)i Z2 - Z3 S { z z 3 ^ 12 (a ® b <g) c)}. 
Then we get from Lemma 114.11 that 

(v*,i zliZ3 6(zi - z 2 , z 3 )a(z 1 )b(z 2 )c)- 

- (v* ,i Z2 ., Zl 5(z! - z 2 ,z 3 )Y Z2 (l ® Y Zl )S z T 2 z f{b®a® c)> 

= (u*,i 22;Z3 (5(zi, z 2 + Z3)5^ 2 (5^ 3 <8> l)^ 2 ,z3'5'^o' 12 ( a ® &<8>c)}. 
Since this is true for all v* e V* the Theorem follows. □ 



Remark 14.4. Suppose V is an iJ^-quantum vertex algebra where S^ Zl ]z 2 and 
S Z J, Z2 both are the identi 
the usual Jacobi identity: 



S Z J, Z2 both are the identity map on V <8> V. Then the fields a(z) = Y(a, z) satisfy 



iz 1 ;z 2 S(zi - Z2, z 3 )a(zi)b(z 2 ) - i Z2 - Zl S(zi - z 2l z 3 )b(z 2 )a(zi) 

= i Z2 . Z3 5(zi,z 2 + z 3 )Y(Y(a, z 3 )b, z 2 ), 

and it follows that V is an ordinary vertex algebra, cf., |LL04| . 

15. Braided Borcherds Identity 

The original definition by Borcherds of vertex algebras was given in |Bor86j . 
He took as starting point what later was called the Borcherds identity, instead of 
the Jacobi identity, cf., [Kac98j . In this section we derive a braided version of the 
Borcherds Identity. 

The following lemma is easy to check and well known (at least for t = 0, see e.g., 
??). 

Lemma 15.1. Let W be a free k-module and f(z,w) s W[[zi, ^JJIz-f 1 , z^ 1 , (z\ — 
z 2 )- 1 ][[t]]. Then " 



Res 



n (s(f( Zl ,z 2 ))) - Res f(z 2 + Z 3 ,Z 2 )\. 
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Theorem 15.2. (Braided Borcherds Identity) Let V be an Ho-quantum vertex 
algebra. Let F G C[[z, w]] [z , w _1 , (z — i«) _1 ][[£]] anda,b,c€V. Then we have 
the following identity: 

Res Zl (y(u, zi)Y(b, z 2 )ci Zl . Z2 F(z 1 , z 2 )- 

Y Z2 (l (8 Y Zl )i Z2 ., Zl S%il 2 (b ® a ® c)F(z u z 2 j) = 

= Res Z3 (Y Z2 (Y Z3 ® l)i Z2;23 (^' 12 (a®6®c)F(z 2 + z 3 ,z 2 ))) . 

□ 

Proof. Take in Lemma H5.il f(zj . z 2 ) = ^zi,z 2 .o( a ® b ® c)F(zi, Za) an( i use Corol- 
lary 113.41 to relate expansions of / to products and iterates of one- variable vertex 
operators. □ 

16. The S-Commutator, Locality, and (ti)-Products of Fields 

Definition 16.1. Let V be an Hr>-quantum vertex algebra, and let a, b, c G V. The 
S'-Commutator of the fields associated to a, b is 

[a(z 1 ) 1 b(z 2 )]sc = 5 (X zltZ2t0 {a ® b ® c)) . 

Here 5 is the difference of expansions, sec (|14.1j) . We can write the S'-Commutator 
using Corollary [133 explicitly as 

[a(zi),b(z 2 )] S c = a{z 1 )b{z 2 ) - Y Z2 (1 g Y Zl )i Z2 -, Zl S { z T 2 ]^{b ®a®c). 

Now the image of 5 is a powerseries in t with coefficients (finite) sums of derivatives 
of the Dirac distribution (|14.2p with coefficients V- valued distributions in z 2 . So 
we can write the commutator as 

[a(z 1 ),b(z 2 )] s = Y / t k [J2^(z 2 )d^S(z ll z 2 )\ = 

(16.1) fc>0 V " ' 

= J2"fn(z 2 ;t)d^6( Zl ,z 2 ). 

n>0 

This implies that for all fc > there is an N > such that 

(16.2) (z 1 -z 2 ) Ar [a(z 1 ),6(z 2 )] s = mod t k , 

and we see that the S-commutator of a, b G V is a local distribution mod i fc , see 
[Kac98j . (The S-commutator is of course not necessarily itself local.) 

Definition 16.2. For all n G Z i/ie (n)-product of fields associated to a,b G V is 

a(z2)(„)6(z 2 )c = Res 2l (<$(x, li22i0 (a ® 6®c)(zi - z 2 ) n )). 

This definition allows us to write the S-commutator in terms of the (n)-product 
of fields, for n > 0. 

Theorem 16.3. Lei V be an Hd- quantum vertex algebra. For all a,b E V 

[a{zi),b[z 2 )]s = ^a{z 2 )( n) b{z 2 )d ( Z2 ) 5(zi,z 2 ). 
n>0 
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Proof. By the usual calculus of local distributions, see e.g., |Kac98j . it follows from 

(EH)) that 

J n (zi;t) = Res Z2 ([a{z 1 ),b{z 2 )]s{zi - z 2 ) n ) = 

= Rcs Z2 \ 5\X ZuZ2fi {a<»b®-){zi - z 2 ) n ) J , 
by Definition 116. II Then the Lemma follows from Definition 116.21 □ 

17. (n)-PRODucTS of States 

We will call an element of V also a state. We define the (n)-product of states 
(as opposed to that of fields) in V in the usual way: 

ffl( n )6 = Res z (Y(a, z)bz n ) , 

so that 

(17.1) Y(a,z) = J2a i n)Z- n - 1 - 

nez 

We also have 

(17.2) a (n) 6 = 0, n>0. 

In contrast to the usual vertex algebras the state-field correspondence a i— ► a(z) is 
not quite a homomorphism of the corresponding (rt)-products: in general 

a(n)b(z) / a(z) (n) 6(z). 

Indeed, introduce the generating series 3V of the (n)-products of fields by 

y T {a{z),w) = ^a(z)( n )'W -n_1 . 

n£Z 

Then, if the state-field correspondence were a homomorphism we would have 

(17.3) y^(a(z), w)b(z) = Y(Y(a, w)b, z). 

But this in general not true: the translation map Si2!z 2 is the obstruction to (|17.3p 
being true. More precisely we have the following theorem. 

Theorem 17.1. 

y^(a(z),w)b(z)c = Y Z (Y W $ l)i z . w S { ^l(a ®b)®c. 

Proof. By definition of the (n)-product of fields, Lemma \1 5 . 1 1 and Proposition [ECS 
we have 

y jr( a (z), w)b(z)c = Res Zl (S[X zltZ2t0 (a <g> b <g> c){z\ - z) n )w' n ~ l ) = 
= Res^ 3 (i z;Z3 (X z+Z3>Z2>0 (a® b® c)5(z 3 ,w)) = 
= i Z ; W X z+WiZ<0 (a ® b <g> c) 



3^0^, <8> l)*, iU ;Sl*l)( a ® 5 ) ® c - 



□ 
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Suppose that the translation map S^ q is such that there exists N G Z such that 
for all a, b G V 



(17.4) i Z2 ;z 3 Si z s 2 ;l(a®b)= ^ XX fc ® 6 *< fc ) s k(^)4> s k (z 2 ) e C{(z 2 )), 



k>-N \ i / 

where for fixed k the summation over i is finite. 

Note that in a general .ffo-quantum vertex algebra such expansion need not 
exist. In the main example (see Section 125)) this condition is satisfied, however. 

Corollary 17.2. Assume that (|17.4[) holds in V. Then for all a,b G V and n G Z 



Proof. This is the case F = (z\ — Z2)™ of the braided Borcherds identity, Theorem 
115.21 Indeed, in this case the LHS is just the (n)-product of the fields a(z2) and 
b(z2) acting on c, see Definition 116.21 and Corollary 113.41 On the other hand the 
RHS of the braided Borcherds identity is in this case 



18. Normal Ordered Products and Operator Product Expansion 

We have used the (n)-product (of fields) for n > to calculate the ^-commutator, 
see Theorem 116.31 The (n)-products for n < — 1 are also of course important. 

Definition 18.1. The normal ordered product of fields a(z\) and 6(22) is given by 



We introduce projections on singular and holomorphic parts of a formal distri- 
bution as usual by 





The proof is concluded by the substitution z% 1— ► z. 



□ 






)) 



)) 




In particular, if / does not depend on z%, . . . we write 

/singOl) = Sing 2i (/(zi)), /hoi(zi) = Hol ai (a(2i)). 
Then we can rewrite the definition of the normal ordered product as 
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Comparing this with Definition 116.21 we see that 

a{z 2 )(-i)b(z 2 ) =:a(z 2 )b(z 2 ): s , 

and more generally 




{ Zl - z 2 ) n+1 



1 



) 



Of coure, using Corollary 117.21 we can express the operator product expansion in 
terms of the (n)-product of states, but this seems rather messy. 



Two basic ingredients in the usual theory of vertex algebras are locality and 
associativity. For f/£>-quantum vertex algebras the analog of locality is 5-locality, 
(|16.2p . In this section we derive the analog of associativity. It involves the transla- 
tion map Sz2,z 2 ■ 

Theorem 19.1 (Weak associativity). Let V be an Hrj- quantum vertex algebra. 
For all a,b,c e V and for all powers t k there is an N > such that 



(z 2 + z 3 ) i Z3 - Z2 a(z 2 + z 3 )b(z 2 )c = 

= (z 2 + z 3 ) N Y Z2 (Y Z3 <g> l)i Z2 . Z3 (S ( z ^ (a ® b) ® c) mod t k . 
Proof. Take Res 21 in the braided Jacobi identity of Theorem 114.31 to find 

i Zz - Z2 a{z 2 + z 3 )b(z 2 )c - Y Z2 (Y Z3 ® l){i Z2 . Z3 S { z *l{a ®b)®c) = 



\k=a / 
Expanding the RHS observe that the coefficient of each power of t is after taking 
the residue a finite sum of z 2 derivatives of S(— z 2l z 3 ), hence vanishes if multiplied 



Remark 19.2. For ordinary vertex algebras the power of N in weak associativity 
depends only on a and c, not on b. The above proof in the case of iJo-quantum 
vertex algebras does not allow us to conclude the same, because of the appearance 
of the braiding sQzi (6 ® o). 



In the rest of the paper we will construct a class of examples of H ^-quantum 
vertex algebras, using bicharacters on the underlying space V. To define bichar- 
acters we need to assume that V has extra structure: we will assume that V is a 
commutative and cocommutative fc-bialgebra, or even a Hopf algebra. The coprod- 
uct and counit of V will be denoted by A and e. We assume also that V has a 
compatible ii^-action. This means that 



19. Weak Associativity 




by a suitable power of z 2 + z 3 . 



□ 



20. The i/ D -BiALGEBRA V 
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• D{ab) = (Da)b + aDb, a,beV. 

• A (Da) = A HD {D)A(a) 1 aeV. 
. e{Da) =e ffD {D)e(a) = 0. 

We will call a V as above an ifo-bialgebra. The identity element 1 = ly will be 
the vacuum of V. 

21. BlCHARACTERS 

Let W2 be the algebra of power series in t, with coefficients rational functions in 
Zi, Z2 with poles at z\ = 0, z 2 = or Zi = z 2 : 

(21.1) W r 2 = C[z± 1 > 4 1 > (z 1 -« a ) ±1 ][[t]]. 

We extract some results from |Bor01| on bicharacters. A W^-valued bicharacter on 
an 7?£)-bialgebra V is a linear map 

r Zl , Z2 : V® 2 ^W 2 , 

satisfying 

• (Vacuum) r ZlyZ2 (a ® 1) = r Zl , Z2 (l ® a) = e(a), a e V". 

• (Multiplication) For all a, 6, c E V we have r Zl> 2 2 (a <E)bc) — r zi,z 2 W ® 
b )r Zl , Z2 (a" ® c ) and r ZuZ2 {ab® c) = £> Zl ,z 3 (a ® c')r Zl , 22 (6 ® c")- 

Here and below we use the notation A (a) =^)a'® a" for the coproduct of a e V. 
Often we will also omit the summation symbol, to unclutter the formulas. 
In case the bicharacter additionally satisfies 

• (Hd ® -ffo-covariance) r Zl ^ Z2 (D k a ® D^6) = d^dl 2 r Zl!Z2 (a ® 6), a, 6 e V, 
we call the bicharacter iJo ® Hjj-covariant. 

We can multiply bicharacters: 

(21.2) (r * s) ZuZ2 (a <g> 6) = r ZuZ2 (a' ® V)a^(a" (8 &")■ 
The unit bicharacter is 

(21.3) e« 1 ,» a (a<8>&) = e(a)e(6). 

The collection of bicharacters on an ifo-bialgebra forms then a commutative mo- 
noid. 

In case V is an iJo-Hopf algebra, i.e., comes with an antipode compatible with 
the 7?£)-action, all bicharacters are invertible, with inverse given by 

r Zl ] Z2 (a®b)=r Zl , Z2 (S{a)®b). 

In this case the set of bicharacters forms an Abelian group. 
The transpose of a bicharacter is defined by 

r r ZuZ2 {a®b) = r Z2 , Zl {b®a). 

The transpose is an involution of the monoid of bicharacters: 

( r * s Y Zl , Z2 = {r T * sT )zi,z 2 - 
If r is an invertible bicharacter with inverse r _1 we relate the transpose r T to r by 
( 21 - 4 ) rl 1}Z2 = r zuZ2 * R ZltZ2 , 

where 

(21-5) R Z ±,Z 2 = r Zi*Z 2 * r Zi,Z 2 ' 



Ad-quantum vertex algebras 



27 



We will call R Zl , Z2 the braiding bicharacter associated to r Zl . Z2 . It is the obstruction 
to r being symmetric: r = r T . It will control the braiding in the quantum vertex 
algebra we are going to construct from r Zl)Z2 in Section [2"2l below. The braiding 
bicharacter R Z1<Z2 is unitary: 

(21-6) RT=R-) 



2l,2 2 "Zi,Z 2 ' 

Define for a bicharacter r Zl . Z2 a shift 

(21-7) r 2i,Z 2 = r 2l+7,2 2 +7' 

The shift rj Z2 is again a bicharacter. If r zlZ2 is Hp ® i/^-covariant we have the 
following expansion: 

*2l,2 2 ;7 r Zi,Z2 = r 2i,Z 2 ° ^( e7 )• 

In case the bicharacter is invertible we relate the shift r 7 to r by 

(21-8) r Zl,2 2 = r Zl,22 * ^Zi,2 2 ' ^Z 1 .Z 2 ~ 7 'z ll Z 2 * T 1\ 



21,22' 21,22 21,22 2i,22* 

We call R 1 Z1 Z2 the translation bicharacter associated to r ZljZ2 . It is the obstruction 
to r being shift invariant (i.e., to r being a function just of z\ — z 2 ). 

22. Quantum Vertex Algebras from Bicharacters 

Suppose now that V is an TJp-bialgebra with invertible bicharacter r zltZ2 . In 
general, a bicharacter on V takes values in W 2 , see (|21.1[) . For the purpose of the 
construction of vertex operators we need to make an extra assumption: that r ZljZ2 
can be evaluated at z 2 = 0. More precisely, we make the following 

Definition 22.1. A bicharacter r ZljZ2 satisfies the Vertex Operator Assumption if 
it is a map 

(VO assumption) r Zl)Z2 : V® 2 -» C[zf\ z», (zi - Z2)~ 1 ][[t]]. 

In the sequel we will use p Zl ,z 2 to denote an arbitrary W2-valued bicharacter, 



and we will write r ZljZ2 for a bicharacter satisfying the VO assumption 



Following the general philosophy of Borcherds, [BorOlj, (but not the technical 
details) we define in this section, given an invertible bicharacter r zlZ2 satisfying the 
|VO assumption} an iJ^-quantum vertex algebra structure on V . The final result 
is summarized in Theorem 122. 151 below. 

We define for any bicharacter p Zl . Z2 on V a map S Pz ^- Z2 on V ® V by 

(22.1) SP-i>" (a ® b) = a 1 ® b'p Zl<Z2 {a" ® 6"). 

In particular, to a bicharacter r Zl . Z2 satisfying the |VO assumption| with braiding 
bicharacter i? ZljZ2 , see (|21.5I) . we associate the map 

(22.2) s£ Z2 =S R *^:V®V^V®V[zt 1 ,zf\(zi-z 2 ) ±1 ][[t}}, 
and associated to the translation bicharacter (121. 8[) we get a map 

(22.3) S Z 1] Z2 =S R ^: V ®V ^ V®V{zf 1 ,z 2 ,(z 1 + 7 ) ± \(z 2+1 ),(zi-z 2 ) ±1 }{{t}}, 

Lemma 22.2. (1) If e is £/ie wmt bicharacter on V, then S e — lym- 

(2) If p Zl , Z2 ,o- Zl , Z2 are bicharacters on V, then S p * 1 -* 2 *' 7 '' 1 -* 2 — S 9 * 1 -* 2 o S' 

(3) If p Zl , Z2 is a bicharacter, then t o S Pki ^ o t = S p - 



1 ,*2 t 

1 , s 2 
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Define then, for given invertible bicharacter r 2liZ2 satisfying thc |VO assumption! 
singular multiplication maps 

X ZUZ2 :V® 2 ^V® [[zi,Z2]][zr\ (zi - z 2 )- l ][[t]]. 

by 

(22.4) X ZUZ2 = m 2 o (e ZlD ® e Z2 °) o S r '^ , 

where mi is the (nonsingular) multiplications of the (associative) algebra V. More 
explicitly (dropping here and below the nonsingular multiplication mi on V): 

X ZuZ2 {a <g> 6) = e ZlD a'e z * D b'r Zl , Z2 (a" ® b"). 

Lemma 22.3. For any bicharacter p Zl , Z2 on V we have for a £ V 

S p *i-*> (a <8> 1) = a ® 1, S p *i>** (1 ® a) = a ® 1. 

Proof. Since p zi ,z 2 i s a bicharacter we have 

Pzi,z 2 {a ® 1) = e(a) = p Zl , Z2 (l ® a). 

In any bialgebra we have a'e(a") = a, and the Lemma follows from the definition 
of 5"-i.«a, see (E2U). □ 

Corollary 22.4. TTie vacuum axioms (|3.1[) and (|3.2[) ZioZd /or -X"z ll22 defined by 
(I2T4T) and for S^^S^ defined by (l2~2~2l and (I2T31) . 

Lemma 22.5. For any i/p ® Hjj-covariant bicharacter p Zl . Z2 we have 

[S p *^,l<g>D]=d Z2 S p *f*2, [S P "-"»,D®1] =d tl S p '*"». 

Proof. By assumption on V we have A(Db) = Db' (g> 6" + 0' ® D6". By assumption 
on the bicharacter we have p Zl , Z2 (a <E> Db) — d Z2 p Zl}Z2 (a ® 6). Then, for a, 6 G V 

S p *f** (a (g> Db) = a' <g> Db'p ZuZ2 (a" <8 6") + a' <g> b'p ZltZ2 (a" <g> L>6") = 
= (1 «i D)5 p *i'^ +9 Z2 S ,p ^-^(a(g)6), 

proving the first part. The second part is similar. 

□ 

Corollary 22.6. The Hu-covariance axiom (|3.3p holds for X ZljZ2 defined by (|22.4|) 
and i/ie Hp-covariance axiom (|3.4[) ZioZds /or 5^" ' Z2 , Sz7,z2 defined by (|22.2[) and 
(l2T3)l . 

Lemma 22.7. T/ie Hjj-covariance axiom \3. 5\) holds for X ZltZ2 defined by {22. J^ . 
Proof. We have 

^1+7, W a ® 6) = e< 2l+ ^ D a'e( 22+ '') D fe'r Zl+V2+ >" ® o") = 

= ^ D ( e * lZ V e ^ D 6')r Zl , Z2 (a"' ® y")Rl uta {a!"' ® b"") = 
e* D X ZuZ2 cSW Z2 (a®b). 

□ 

Lemma 22.8. For any bicharacter p Zl , Z2 the map S , ' , »i.*2 satisfies the Yang-Baxter 
equation 13. 6\) . 
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Proof. This follows form the combined cocommutativity and coassociativity iden- 
tity 

r 23 (A® 1)A = (A®1)A. 

□ 

Corollary 22.9. The maps Sil} X3 , S Z ?} Z3 defined by ([22^J> and (l2"!Q|) satisfy the 
Yang-Baxter axiom (|3 . 6[> . 



Lemma 22.10. For any bicharacter p Zl .z 2 ^ e map 5 Pi i^2 is compatible with the 
singular multiplication: 



SP*^(X W1>W2 ®1) = (X Wl , W2 ®l)i Zl , Zl _ Z2 ; WuW2 S p ^^' 23 S p >i+^^' 13 , 
S"'!"' (1 <8> X WUW2 ) = (1 ® X wuW2 )i zl _ 22 , Z2 . WUW2 SP*^+^ .12^,^+^,13, 

Proof. For a, 6, c e we have 

(X Wl ,„ a <g> l)(a g> 6 <g> c) = 5 P ^-^ {e WlD a'e W2D b' $ c)r Wlll0a (a" (8 6") = 
= {e w ^ D a'e w * D b')'c'p ZuZ2 {{e w ^ D a'e W2D b')" ® c")r Wl , W2 (a" ® 6") = 

= e 1 a e 2 6 C i Z l,Zl—Z2;Wl,W2Pzi+Wl,Z2 ( a ® C )Pzi+i«2,z2 ® c ) x 

x r Wl;W2 (a" ® 6") = 
= i*i,*i-« a5 ifli,to a (-X'K.i,« a ® l)5 p2 i + ™i^^ 23 5 p ^ + ^.-2.i3( a (g, 6 (g, c ) 
The proof of the other part is similar. □ 

Corollary 22.11. S Z1 

]z 2 ? Szl}z 2 defined by (I22.2p <mc? (|22.3p satisfy the compatibil- 
ity with multiplication axioms \3.T\) and (3.8\) . 

Corollary 22.12. S Z \) Z2 defined by (|22.2p satisfies the unitarity axiom H3.9\) . 

Proof. For unitarity, recall that Si[] Z2 = S^ 1 '" 2 , so that by Lemma [22.21 we have 
t o Szi]z2 ° t = S R *i'*z so that by Lemma T22.2I again and (|21.6p we find 

° r o S^] Z2 o r = S R ^ o S R *.<* = 5 e = W. 

□ 

Corollary 22.13. S^k de/med 6y ([2T3]) satisfies the group axioms H3.11\) and 

mm . 

Proof. Since R z J^i 2 = e, the unit bicharacter, axiom p. lip follows. 
Now 

D71+72 _ r —l ^ -71+72 _ 

Zl,Z2 Z1>Z2 Zl,Z2 

— f ^ w>7i *>7i ' 1 »»7i +72 — 

Zl,Z 2 M Zi,*2 

= f? 71 * R 72 

-"•Zl,Z 2 J ^1+71,22+71 ' 

so that axiom (|3.10p follows from Lemma r22.2l and definition (|22.3p . □ 

Lemma 22.14. X ZuZ2 and Sw?;w 2 defined by \22.1$ and ¥22. 3]) satisfy the locality 
Axiom (|3T2]) . 
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Proof. Define 

E = e^ D a'e^ D b'c'r ZuZ2 (a"' ® b'")r Zu0 (a"" ® c"')r Z2 , (b"" ® c""). 

Then 

^,0(1^X^,0)^) = e ZlD a' (e* D M)' r Zlfi (a" ® (e Z2l Vc')")r Z2 , (&" ® c") = 

= e^ D a'e^ D b"c"r zlfi {a'" ® e z * D b'")r zlfl {a"" ® c'")r Z2<0 (b" ® c") = 

= e z ^a'e z ^6'c" izi;Z2 r Zl , Z2 (a"' ® 6"> Zl , (a"" <g) c"')r Z2 , (6"" ® c"") = 
= 7 E 

On the other hand 

X Z2:0 (l ® ^.o)**,;*!^"^ ® a ® c) = 

= JT, 2)0 (1 ® X, li0 )(6' ® a' (8 c)i Z2 , Zl R ( J 2 ] zl (b" ® a") = 

- X Z2i0 (6' ® e 2lD a " C ')r Zl , (a'" ® OWi^k i b " ® a ") = 

= e Z2D 6"(e ZlD a"c')V Z2 , (6 / " ® (e ZlZ Vc')")x 

x r Zli0 (a'" ® c")^ 2i2l 4^ zi (&" ® a") = 
= e Z2D foV lZ VcV Z2 , (6"" ® e ZlZ V'"K 2 ,o(k"" ® c"')x 

x r Zlj0 (a"" ® c"") lz2 ; Zl 4;! Zl (&"'" ® a""') = 
= e^&'e^aV*^ (r Z2 . Zl (b"" ® a"")4^ zi (6"'" ® a'"")) x 

xr, 2> o(6""®c"> Zl ,o(a""®c"") = 
= e z ^6'e Zli V C % 2 , Zl (r^a'" ® 6'")) r Z2 , (&"" ® c"')x 

x r Zu0 (a" ®c" ) = 

Since 

(zi - z 2 ) N i Zl - Z2 E = (zi - z 2 ) N i Z2 - Zl E 
the locality Axiom (|3.12p follows. □ 

The results in this section are summarized in the following theorem. 

Theorem 22.15. Let V be an Hr)-bialgebra with invertible bicharacter r zljZ2> sat- 
isfying the I VO assumption] of Definition \22.1\ Then the singular multiplications 
X ZuZ2 , X ZuZ2 . Z3 and maps S^, Z2) S^iU defined by (SK^ , $MM and fUOP 9 ive 
V the structure of an Hr)-quantum vertex algebra as in Definition \3.1\ . 

23. BlCHARACTERS AND EK-QUANTUM VERTEX OPERATOR ALGEBRAS 

Let V be an i/o-bialgebra with invertible bicharacter, so that we have on V by 
Theorem 122.151 an iJ^-quantum vertex algebra structure. In case the bicharacter 
satisfies 

(23.1) (d zl +d Z2 )r ZUZ2 =0 

the bicharacter is really just a function of z\ — z 2 : r zltZ2 takes values in C[(zi — 
£2) ][[*]]• In this case the translation bicharacter RJ Z2 is the unit bicharacter on 
V. 
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In this situation we can evaluate the bicharacter r Zl , Z2 , the vertex operator X ZllZ2 
and the braiding S Zl . Z2 both at z\ = and at z 2 = 0. 
We have in this case ro, z = ?"_ Zj o so that 

X^ z (a <g> b) = e zD (e- zD a'b') r 0}Z (a" <g 6") = e ZjD y(a, -2)6. 

The braided commutativity Lemma 18-11 gives . by putting z 2 = 0, 

Y(a', z)b'R z<0 {a" ® b") = e zD Y(b, -z)a. 

We emphasize that in general 77^-quantum vertex algebras one does not have a 

(r) 

similar braided skew-symmetry, since the braiding S^'j, cannot be evaluated at 

Z 2 = 0. 

The iJo-covariance axiom p. 51) reduces to the familiar formula 

(23.2) e 7£ Y(a, z)e~ 7D = i zn Y(a, z + 7). 

Infinitesimally this gives another familiar formula: by differentiating with respect 
to 7 we obtain 

(23.3) [D,Y(a,z)]=d z Y(a,z). 

Bicharacters satisfying condition (|23.1|) give rise to quantum vertex operator al- 
gebras in the sense of Etingof-Kazhdan, EK00 . In case the bicharacter satisfies 
(|23.ip and is also symmetric: 

T 

' 21,22 21,22 ) 

we obtain vertex operators of a vertex algebra as is usually defined (see FLM88 , 
|Kac98] . This is a special case of a more general result of Borcherds, see |Bor01j . 
Theorem 4.2. 

The condition (|23.ip is not satisfied in the case we are interested in, see section 

[25] 

24. Bicharacter Expansions and ^-commutator 

We continue to assume that V has an TJ^-quantum vertex algebra structure via 
a bicharacter r zljZ2 , see Theorem 122. 151 In this section we show how an expansion 
of the bicharacter leads to a closed formula for the ^-commutator of fields. 

Consider the vectorspace V ®W(z), where W(z) is some space of functions (or 
power series) in z. Then we get an action of Hjj on this vector space by using the 
coproduct: 

D (fc) (a® f{z)) = D^a®d[ q] f{z). 

p+q=k 

Theorem 24.1. Let a,b G V and suppose that 

6(r ZuZ2 (a®b)) = Ma ® b; t)d<£>5{z x , z 2 ), 

k>0 

where dk{a (8> b;t) € C^zj^ 1 , z^ 1 }] [[t]] ■ Then we have 

la(z 1 ),b(z 2 )] s =Y / dk(a'®b';t) £ Y ([D^a"]b", z 2 ) dg8(zi, z 2 ). 

k>0 p+q=k 
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Proof. The RHS of the S'-commutator of the fields of a and b acting on cis 
e^ D a'(e^ D b')c'S (r ZuZ2 (a"' ® 6"')) r Zl , (a"" ® c"')r Z2 , (b"" ® c"") = 

= (e* D &y ^ 4(a"' ® 6"'; t)0g> ([e* aZ V]r« j0 (a"" ® **)) x 



fc>0 



xr Z2 , (b""®c"") 



= (e z * D b'y Y Ma'" <8> 6"'; t) E ^ (^ (p)a 'J x 

fc>0 p+g+r— fe 

x r^D^a"" ® c"')r Z2t0 [b"" ® c"")5|^(zi, z 2 ) = 
= ]T J] d fc (a'®fe';i)[e 22D &'V]r* 2>0 ([.D (9) a">"' ® c")x 

/c>0 p+q—k 

□ 

25. The Main Example 

For the rest of the paper we will study a particular example of an iJu-quantum 
vertex algebra V obtained from a bicharacter as in Theorem 122. 151 As an vector 
space V is the underlying space of the lattice vertex algebra based on the rank 1 
lattice Z with pairing (m, n) i— * mn, cf., [Kac98], section 5.4. 

To define a bicharacter on V we need an iJo-bialgebra structure. As Ho~ 
bialgebra V is generated by group-like elements e a , e~ a , so that 

A(e mQ ) = e ma ® e m , e(e mQ ) = 1, meZ. 

If we write h = (De a )e~ a then /i is primitive: we have A(/i) = h ® 1 + 1 ® /i, 
e(/i) = 0. Then 

V = V m , y m = fc[£» n /i]„>o <8 e ma . 

In fact V is a Hopf algebra, with antipode S: e c 
bicharacter on V by putting on generators 

(25.1) r ZuZ2 (e ma ® e na ) = a mn , a = '' l ~'~ 2 



1 —tz-ijzx 

and extend to all of V by using the properties of bicharacters, see |Bor01| for details. 
Here (and below) we will expand any rational expression in t in positive powers of 
t. Note that r ZlyZ2 satisfies the VO assumption of Definition 122.11 So by Theorem 
122.151 y has an fTp-quantum vertex algebra structure. 

The bicharacter r ZliZ2 of this example is implicit in the paper by Jing, |Jin91j . 
By putting t — we obtain a bicharacter r° zi Z2 which is implicit in the usual 
construction of a lattice vertex algebra from the lattice Z with pairing (m, n) i— » mn. 

We will collect for later reference some values of this bicharacter and of its 
associated braiding and translation bicharacters. First a simple lemma. 
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Lemma 25.1. For any bicharacter p Zl ,z 2 on V we have, if p Zl ,z 2 (e ma ®e na ) = p mn , 

p Zl . Z2 {h®e ma ) = md Zl ln(p), p ZuZ2 {h®h) = d Z2 d Zl ln(p). 
Lemma 25.2. 

1 tz 2 /zi 



r ZuZ2 {h®e ma )=m 
r Zl , Z2 (h®h) = 



Z\ — Z2 Z\ — tZ2 
1 t 



The bicharacter r Zl , Z2 is invertiblc (V being a Hopf algebra), with inverse on 
generators given by 

r z ^ Z2 {e ma ® e na ) = a' mn . 

Lemma 25.3. The braiding bicharacter R Zl , Z2 ofr ZltZ2 is given on the generators 
by 

(25.2) R ZUZ2 {e ma ®e na )=TT n , S = S zl|Za = - \ ~ f * /zi , 

1 — tz\j z 2 

and we have 

tz 2 /zx t 
Z\ — tz 2 z 2 — tZ\ 



(25.3) R ZUZ2 (h®e ma ) = m 
and 

(25.4) R ZltZ2 (h®h) = - V^2- 

(zi - tz 2 y (z 2 - tziY 

Lemma 25.4. The translation bicharacter i? 7 of r ZliZ2 is given on generators by 

(25.5) Rl >Z2 (e™®e™)=n mn , n = Il ZuZ2 = *~ , 

21+7 

and we have 

(25.6) Rl Z2 (h ® e™») = - mt(Z2 + 7V(Zl+7 j , 
and 



(25.7) Rl, Z2 (h®h) 



{zi~tz 2 ) 2 ((zi+ 7 )-i(z 2 + 7)) 



2 ' 



We will calculate some (n)-products of states and of fields in V to illustrate what 
is involved. 

First note that r z . (e a <S> e~ a ) = |. This implies that 

F(e Q , z)e~ a = (e zD e a )e- a r z , (e a ® e" a ) = - + ft + O(z), 

z 

so that we have the following products of states. 

(25.8) e ?-i) e ~ a = h > e ?o) e ~ a = 1. e « e ~" = 0, fc > 0. 

Note that this are the same (n)-products as for the lattice vertex algebra corre- 
sponding to the bicharacter r° ZlZ2 (obtained by putting t = 0). 
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Next we want to use Corollary [1721 to calculate (n)-products of fields. We have 
by Lemma[2531^3,o(e Q ® e" Q ) = 1 - t^f^, so that 

<zAlfi(e a ® = e Q ® e- Q z Z2;Z3 (l - t— J— ) - 

z 2 + %3 



= e a <g> e- a (l + t^(-l) fe (^) fe ). 

fe=i Z2 

Hence by Corollary [1731 and (f25T8|) 

e tt (z) ( _ 1)e - Q (z) = r(e^ 1)e - Q , z) - Y(ef Q) e- a , z)t 

= h(z)--. 

z 

Now, see Section[TSl e Q (z)(_ 1 )e _Q (z) =: e a (z)e~ a (z) :g, and this normal ordered 
product of fields is not a vertex operator Y (a, z) for any a £ V, since the action of 
:e a (z)e~ a (z) :g on the vacuum is not regular in z, contradicting the vacuum axiom 
(|3.1|) . This is in contrast to the situation in the usual vertex algebras. 

26. ^-Commutators and Commutators 

In this section we calculate some S-commutators of fields by expanding the 
bicharactcr in our main example and express this in terms of commutators, using 
Theorem I2TT1 

We have 

S(r (e ma 8>e na )) - 1° , , mn>0, 

6[r zuZ2 (e ®e ^ ~ |(1 - te 2 / Zl ) fc+1 ai 2 fc) ^i^ 2 ) mn = -k - 1< 0, 

which follows from the definition (|25.1[) . Then 



[e ma ( Zl ),e na (z 2 )} s 



mn > 

k (1 - £ Y(vP m , n , z 2 )di q 2 ) S(z 1 ,z 2 ) mn = -k - 1< 

where v^ nn — (e ma ) e na S V and the sum is over all p, q > such that 
p + q = k. In particular 

[e Q (z!), e- Q (z 2 )] s = (1 - t— )*(zi, 22) = (1 - t)S( Zl ,z 2 ). 

So 

e a (z) (0) e^(z) = 1 - 1, e a (z) (k) e' a (z) = 0, fc > 0. 
In the same way 

5(r ai ,« 2 (/i® e mQ )) =m<5(zi,z 2 ), 
which follows from Lemma T25. 21 see also (|14.3p 'l. Hence 

(26.1) [h( Zl ),e ma (z 2 )} s = me ma (z 2 )S( Zl ,z 2 ). 
Finally, using Lemma T25 . 21 again, we find 

$(r ZuZ2 (h®h)j = d Z2 S(z 1 ,z 2 ), 

so that, 

(26.2) [h(z 1 ),h(z 2 )]s = d Z2 5{z 1 ,z 2 ). 
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It is sometimes useful to express the S'-commutators of fields in terms of the usual 
commutators. We give some examples. 

We have by definition of the ^-commutator 

[h(zi), e ma (z 2 )]s = h( Zl )e ma (z 2 ) - e ma (z 2 )h'(z 1 )R Z2 , Zl (e ma ® h") = 

= [h( Zl ),e ma (z 2 )} - e ma (z 2 )R z ^ Zl (e ma ® h) = 

= [h( Zl ),e ma (z 2 )] - e ma (z 2 )md Zl ln(S ftill ), 

where S is defined in Lemma 125.31 Combining this with (|26.ip gives 

(26.3) [h( Zl ),e ma (z 2 )] = me ma (z 2 )(6(z 1 ,z 2 )+d zl ln{X Z2tZ J). 

Now 



Res zi z"9 zi ln(E 2 



n = 0, 



Hence 

(26.4) [h {n) ,e ma (z 2 )} 



me ma (z 2 ) n = 0, 

mz%(l -t\ n \)e ma (z 2 ) n^O. 



Similarly, 



[h(zi), h(z 2 )] s = [h(zi), h(z 2 )] - R Z2:Zl (h ® h) 
= {h(z 1 ),h(z 2 )}-(- ' 



(tzi-z 2 ) 2 {tz 2 -zi) 2n 

Note that here we see that the ordinary commutator of h(z) with itself is not killed 
by any power of Z\ — z 2 , whereas the ^-commutator is killed by (z\ — z 2 ) 2 , see 
(I26~2l) . 
By (1201) 

[h(zi), h(z 2 )} = d Z2 S(z 1 , z 2 ) + R Z2 , Zl (h ® h). 

Now 

Res 2l (z?R Z2>Zl (h®hj) = -nt |n| 4 _1 , 

and we have 

(26.5) [h im) ,h(z 2 )} =mz?- 1 (l-t^) 
and 

(26.6) [h {m) ,h {n) ]=m(l-t^)5 m+nfi . 

We see therefore that the coefficients of h(z) generate a deformed Heisenberg algebra 
Ht- As a Lie algebra Ht is isomorphic to the usual Heisenberg Lie algebra H = 
Ht=o- In particular the representation theory of Ht is the same as in the undeformed 
case. We have a decomposition 

V = (Bm&Vra, V m = k[D n % mQ , 

where each V m is an irreducible H t -module, with action given by 

( multiplication by D k h/k\ m = —k — 1 < 0, 
h( m ) = Ida m = 0, 



I m(l 



The case m = follows from Cor [1721 and (|2fTT|) 
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27. Braided Bosonization 

Define 



T + (z) = exp I ^2 h(~n)Z n /n J , r_(z) = exp I - h (n) z n /n J . 

\n>0 / \ n>0 J 

By (|26.6|) we have for m ^ 

[fc (±ro)> r±(*)] = ±z ±m (i - i |m| )r±(z), [h (Tm) , r±(z)] = o. 

Then we see that 

E n (z) = r;"(z)e nQ (z)r™ Q (z)e™ Q 
commutes with the deformed boson: 

[M«i),E„(«a)] = 0, 

and by the usual arguments using the representation theory of the deformed Heisen- 
berg algebra (see e.g., [Kac98 ) one finds the bosonization formula 



e na (z) = Tl(z)TZ n {z)e na z nd - 

This formula (for n = ±1) can by found in Jing's paper, |Jin91j . with a slightly 
different notation. 



28. Hall-Littlewood Polynomials 

In this section we recall the Macdonald definition of Hall-Littlewood symmet- 
ric polynomials ( Mac95 ). Also we explain how the bosonized vertex operators 
described in the previous secton (as considered by N. Jing, |Jin91j ). serve as gen- 
erating functions for the Hall-Littlewood poynomials. 

Denote by A the ring of symmetric functions over C[[t]] in countably many 
independent variables Xj, i > 0. 

Let A be a partition, A = (Ai, A2, . . . , Afc, . . . ), Ai > A2 > • • • > A^ > .... Let 
|A| = Ax + A 2 H 1- A fe + — 

Denote z\ — Y\.i>a * mi - m i'i where m, = m^(A) is the number of parts of A equal 
to i. 

We call a family (a\) of elements in a ring indexed by partitions multiplicative 
if a\ = ri a A«- 

For any partition a we use the vector notation x a for x^x^ 2 ■ ■ ■ x^ k .... We will 
use the basis (raj) of monomial symmetric functions: 

(28.1) m A = J> Q , 

a 

where the sum is over distinct permutations of A, as well as the multiplicative basis 
generated by the power sums p n = J2i>o x i"' Po = 1- 

Define a scalar product ( , ) t on Af by putting for the power functions 

(px,Pn)t = Sx^ZxVx, 

for any partitions A, /i, where the mulitplicative family v\ is defined by v n = 1 ];. rl . 
Define a set of symmetric functions {H\} indexed by partitions by the following 
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two (over-dctcrmining) conditions: 

(H x ,H^) t = Q for A/p, 

H\=m,\+} j ux^m^, u Xll G C[[t}}. 

Ai<A 

Here /j < A is with respect to the usual partial order on partitions. 

It is proved in f [Mac95p that such symmetric functions {Hx} exist. Denote also 
by Qx the dual of Hx, i.e., (Hx, Q^)t = ^x, P - Note that when t = both the Hx 
and the Qx reduce to the Schur polynomials (Schur poynomials are self dual). 

We can view the n-th power symmetric function p n as an operator acting on 
Ac[[£]] by multiplication. Define also for given multiplicative family (v\) the oper- 
ators by requiring 

(Pnf,9)t = (f,p n g)t, 

for any f,g € A c [[t]]. 

Lemma 28.1. The operators {ht n )\ n G Z} given by hi n ) — — (1 ~ t n )Pn? 

/i(_ n ) = (1 — t n )p n for n G N, /i(o) = generate a representation of the deformed 

Heisenberg algebra 7i t on Ac [[£]], i.e., 

(28.2) [tym), &(»)] - "»(1 - * H )<W»,0. 

The proof is based on the undeformed case (v n = 1), which can be found in 
[Mac95j . 

From the fact that the power symmetric functions form a basis of Ac [[£]], it 
follows that Ac[[£]] is a highest weight module for Tit, and is thus an irreducible 
Tit module. Therefore we have that Ac[[i]] is isomorphic as a module and as an 
algebra to Vb (Vo was defined in Section [23)) . Thus we can identify (1 — t n )p n with 
D^-Vh (n > 0). 

The following theorem ( |Jin91j ) explains the connection between the Hall-Little- 
wood symmetric functions and the vertex operators considered in the previous 
section: 

Theorem 28.2. Let m is a partition of length I, rh — (mi, m^, . . . , mi, 0, . . . ), and 
let p be the partition defined by p = (I, I — 1, . . . , 1, 0, . . . )). The constant term of 
Y(D {m ^e a ,z 1 )Y{D {m ^e a ,z 2 )...Y{D ( - m ^e a 1 zi)l is Qm- p e la , where Q fn - P is the 
dual Hall-Littlewood polynomial corresponding to the partition m — p. 

The proof is straightforward modification of the main theorem in |Jin91j using 
the properties of the vertex operators. 

Thus the vertex operators Y (D^ e a , z) (as described in Section |25|) and the 
coefficients of their products are very important in the theory of the Hall-Littlewood 
poynomials. This makes them an important example of quantum vertex operators, 
and they are the main motivation for our definition of ffu-quantum vertex algebras. 
The previous definitions of quantum vertex algebras were not general enough to 
incorporate the Hall-Littlewood vertex operators. 

Appendix A. Braided Algebras with symmetry 

A.l. Introduction. To motivate the rather complicated definition of an i/o-quan- 
tum vertex algebra in Section [3] we discuss in this Appendix braided algebras (with 
symmetry). The idea is that a vertex algebra has a singular multiplication, and 
that it is good to understand the nonsingular case first. 
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A. 2. Commutative Associative Algebras. As a preliminary, note that an effi- 
cient way to describe commutative associative unital algebras is as follows. Let M 
be a vector space and 1 e M a distinguished element, and let 

to: M m -> M 

be a multiplication for which 1 is the unit: 

(A.l) m(a®l)=m(l®a)=a, aeM. 

We need some notation. If a is a linear map on M® 2 , then a 23 is the operator on 
M® 3 acting on the 2nd and 3rd factor (so a 23 = 1 <g> a). The other superscripts 
have a similar meaning. Let r : M® 2 — ► M® 2 be the flip a ® 6 i— ► 6 <£> a. Let 
to 3 = to(1 (g) to) : M® 3 — > M. Then we impose 

(Commutativity/ Associativity Axiom) to 3 = TO3T 12 , 

In other words, writing TO3 (o (g> (g> c) = a(6c), we require a(6c) = b(ac). Then 
one easily checks that (M, to, 1) is in fact commutative (to = tot) and associative 
(to(1 (g> to) = to(to ® 1)). 

A. 3. Braided Algebras. We are next interested in non commutative algebras 
where the noncommutativity is controlled by a braiding map. 

Definition A.l. A braided algebra is a unital algebra (M, to, 1) with a braiding 
S: M® 2 -> M® 2 such that 

(1) (Vacuum Axiom) S(a ® 1) = a ® 1, and 5(1 ® a) = 1 ® a. 

(2) (Braiding Axiom) TO35 12 = TO3T 12 . 

(3) (Unitarity Axiom) SotoSot = 1m® 2 - 

(4) (Yang-Baxter Axiom) S 12 S 13 S 23 = S 23 S 13 S 12 . 

(5) (Compatibility with Multiplication Axiom) Sm 12 = m 12 S 23 S 13 and 
Sm 23 = m 23 S 12 S 13 . 

The Compatibility with Multiplication Axiom allows us to express the braiding 
involving a product in terms of a product of the braidings of the factors. Also, 
together with the braiding axiom it gives associativity, as we now proceed to show. 

Lemma A. 2 (Braided Commutativity). 

mS = mr. 

Proof. Apply the Braiding Axiom to a <8> 6® 1, using m 3 (a®6®l) = m(a ® b). □ 

Theorem A. 3 (Associativity). A braided algebra is associative: 

to(1 <g) to) = to(to ® 1). 
Proof. Let A = a <E> 6 <g) c. Then 

mm} 2 [A) = mSrm 12 (A) = mSm 23 {c ®a®b) = 

= mm 23 S 12 S 13 (c <g> a <g> 6) = toto 23 t 12 S' 13 (c ® a <g> 6) = 
= mm 23 S 23 {a <g> c ® 6) = toto 23 t 23 (o ® c ® 6) = 
= toto 23 (A) 

□ 
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We used the Compatibility with Multiplication Axiom to derive associativity. If 
we don't impose this axiom, we can only derive braided associativity, (also called 
quasi- associativity cf. [EKOO ): 

mm 23 S 23 S 13 = mSm 12 , mm 12 S 12 S 13 = mSm 23 . 

We have not yet used the unitarity and Yang-Baxter axioms. They are used to 
describe the behaviour under permutations of the arguments of the n-fold multi- 
plication m n : M" — ► M (defined recursively by m n = m(l (g) m„_i)) as we now 
proceed to explain. 

Lemma A. 4. 

m n r u+1 =m n S ii+1 . 
Proof. We can use associativity to write 

m n — m 3 o (rrii-i ® m 2 ® m n _i_i). 
The Lemma follows from Braided Commutativity, Lemma IA.2I . □ 

Remark A. 5. Note that if i,j are not adjacent, then it is in general not true that 
the transposition r y does act on m n by multiplication by 5 U . 

For instance, a simple example of a non trivial braided algebra is a super com- 
mutative algebra M = Afo©Mj. The braiding is given (for homogeneous elements) 
by S(a <& b) = (— l)l a ll b lo (£> b. It is then clear that the braiding corresponding to 
the permutation t 13 : a (E> b d> c i— > c(& b (g> a is given by 

S Tl3 (a ®b(g>c) = S 12 S 13 S 23 (a ®i®c) = (-i)l"ll*>l(-i)MM(-i)Nc|( a ® b(g)C ) i 
whereas 

S 13 (a <g> b ® c) = (-l)l a H c la ® b ® c. 

□ 

One knows that the symmetric group iS„ is generated by the simple transpositions 
Wi = (ii + 1), i = 1, 2, . . . , n — 1, see Section [9] Then define a map S : S n — > 
GL(M®") by 

and extend this as an anti-homomorphism: 

=S(w ik )S(w ih _ 1 )...S(w il ), 

in / = Wi-tWiz . . -Wi k 6 5„. Then the unitarity and the Yang-Baxter axioms and 
Lemma IA.4I imply 

Theorem A. 6. The braiding map S* : M®" — > M®" is independent of the repre- 
sentation of a in terms of simple reflections. Furthermore 

m n oS(f) = m n . 

/or aZ/ f € S n . 

This concludes our discussion of braided algebras an sic/i. 
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A. 4. Braided Algebras with Symmetry. We now assume that we have addi- 
tionally an action of a group G on the braided algebra M. If g £ G we write 
= <? ® g £ G ® G for the coproduct of g. 

Definition A. 7. Lei (M, m, 1, 5*) &e a braided algebra, with a G-action on M. We 
call this a braided G-algebra in case for each g € G there is a map 

S g . M ®2 ^ M ® 2; 

such that 

• (Vacuum Axiom) S 9 (a ® 1) = a ® 1, and 5 S (1 ® a) = 1 ® a. 

• (G-Symmetry) gmS 9 = mA(g). 

• (Multiplicativity) S 9h = S h o A(/i" 1 ) oS«o A(/i) 

• (G- Yang-Baxter) 5»< 12 5s< 13 5»< 23 = 53,23 £3,13^,12 

• (Compatibility with Multiplication Axiom) S 9 m 12 = m 12 S 9 ' 23 S 9 ' 13 
and S 9 m 23 = m 23 5 s ' 12 5 s ' 13 . 

Of course, the simplest case is were S 9 — 1 ® 1 for all <y £ G. Then the multi- 
plication intertwines the action of G on M® 2 and M; usually M is then called a 
module-algebra. 

Lemma A.8. Define £„,£„: M" +1 -> M" +1 6y = 5 12 5 13 . . . S ln+1 , E„ = 
5 ln+1 . . . 5 13 5 12 . TTien we feave compatibility with the higher multiplications: 

5(1 ® m n ) = (Kg) m n )E„, S(m„ ® 1) = (m„ ® 1)S„. 

Proof. For n = 2 the Lemma is just the compatibility with multiplication axiom. 
Assume the Lemma is true for n=k-l. Then 

5(1 ® m k ) = 5(1 ® m)(l ® 1 ® m fe _i) = 

= (1 ® m)5 12 5 13 (l ® 1 ® m fe _i) = 

= (1 ® m)(l ® 1 ® m fe _i)5 12 Si 3 :- 1 "" +1 , 

Noting that E„ = 5 12 o S j 13 _: 1 rm+1 the first equation of the Lemma follows. The 
second one is proved similarly. □ 

Now define 

5« = S„_ 1 o(l®5«_ 1 ). 
Theorem A.9. We have S 9 = £„_i o (5^_ x ® 1)) and 

c?m„5^ = m n A n (g). 

Proof. ?? □ 

A. 5. Bicharacters. Let M be a commutative and cocommutative Hopf algebra. 
A bicharacters on M is a linear map 



r: M® -» C, 

satisfying 

• (Vacuum) r(a ® 1) = r(l ® a) = e(a), a £ M. 

(Multiplication) For all a, b, c £ M we have r(a®bc) = r(a' ®b)r(a" ®c) 
and r(a6 ® c) = ^ r ( a ® c')r(6 ® c"). 
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Here and below we use the notation A (a) = a' a" for the coproduct for a G V . 
Often we will also omit the summation symbol, to unclutter the formulas. 
We can multiply bicharacters: if r, s are bicharacters and a,b £ M then 

(A.2) (r * s){a 6) = r(a' 6')s(a" 6"). 

The unit bicharacter is 

(A.3) e(a 6) = e(a)e(6). 

Since M is a Hopf algebra it comes with an antipode, and all bicharacters are 
invertible, with inverse given by 

r _1 (a 6)= r(S(a) 6). 

The set of bicharacters forms an Abelian group. 
The transpose of a bicharacter is defined by 

r T {a 6) = r(6 a). 

The transpose is an involution of the algebra of bicharacters: 

(r * s) T — (r T * s T ). 

If r is an invertible bicharacter with inverse r -1 we define another bicharacter 
(A.4) R = r T *r-\ 

We will call R the braiding bicharacter associated to r. It will control the braiding 
in the braided algebra we are going to construct from r below. The braiding 
bicharacter R is unitary: 

(A.5) R T = R-\ 

Also we have 

(A.6) r*R = r T . 

For any bicharacter p on M we define a map 

(A.7) S ip) : M m ^M® 2 , a 6 ^ a 1 b'p{a" 6"). 

Lemma A. 10. (1) I/e is i/ie unii bicharacter on M, then = 1 M »2. 

(2) If p,a are bicharacters on M, then S^*^ = o . 

(3) If p is a bicharacter, then r o o r = S^ T ) . 

Lemma A.ll. For a/Z a G M and bicharacters p on M we have 

(1) (Vacuum) S (p *> (a 1) = a 1 and (1 a) = 1 a. 

(2) (Yang-Baxter) S(ri,i2 5 (ri,i3 5 (ri,23 = S (p),2s S (p),i3 S (p),i2 m 

Now we fix a bicharacter r on M, and define a twisting of the multiplication m 
on M: 

m r = m o S (r) : M® 2 -» M. 

Lemma A. 12. For any bicharacter p the map is compatible with the twisted 
multiplication m r : 

S^\m r 1) = (m r 1)S^ 23 S^< 13 , 5^(1 m r ) = (1 m r )S^' 12 S^' 13 
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Proof. For a,b,c £ M we have 

S {p) {m r ® l)(o ® 6 <8> c) = S^fa'tf ® c)r(a" <g> 6") = 

= (a'6')' ® dp{(a'b')" ® c")r(a" ® 6") - 

= a" 6" <g> cV(a"' <g) c"')p(6'" ® c"")r(a" ® 6") 

Now by coassociativity and cocommutativity of M we have a 1 ' ® a'" ® a" = a'' ® 
®a" ® a 1 " , so that we get 

= o'VV(o'" (8 6'") ® c'p(a" ® c">(6" ® c"") = 
= (m r O l)5 , ^' 23 5^' 13 (a ® 6 ® c). 
The proof of the other part is similar. □ 

Recall the braiding bicharacter R = r~ x *r T associated to r, and write S = S^ R \ 
Proposition A. 13. For any bicharacter r on M the twist {M, m r , 1, S) is a braided 



Proof. We need to check the axioms in Definition IA.1I The vacuum and Yang- 
Baxter axioms are dealt with in Lemma lA.llI For unitarity we have toSot = S^ R ^ 
so that by Lemma |2"2~21 and (|A.5|) 



S0T0S0T = O £(« T ) = S<> R * R ^ = S« = 1 



M® 2 - 



Compatibility of S with the multiplication m r is the case p — R of Lemma IA. 121 
Now m r is braided commutative: 

m r S = m o o = m o •* — m o t o S^ r ' o r = rn r o r, 

by Lemma I22.2[ (|A.6j) and the fact that m is commutative. From compatibility 
of S with multiplication m r and the Yang-Baxter equation it follows that m r is 
associative. The braiding axiom for m r ^ — m r (l ® m r ) = m r (m r ® 1) follows from 
this. □ 

A. 6. Bicharacters and Group Action. Now we assume that we have an action 
of a group G on the commutative and cocommutative Hopf algebra M compatible 
with the multiplication and the comultiplication: 

gm = moA(g), A(gm) = A G (g)A(m). 

Define for any bicharacter r on M and g G G 

?' 9 = r o A(g). 

It is easy to check that r 9 is again a bicharacter, so that we can write 
(A.8) r 9 =r*R 9 , R 9 = r" 1 * r 9 . 

Also R 9 is then a bicharacter. Define S 9 = S^ R9 \ 
Lemma A. 14. For all g £ G and bicharacters r on M 

gm r S 9 = m r A(g). 
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Proof. By Lemma WHA and fOj) 

gm r S 9 =gmo S {r) o S {R3) = gm o S {r * R9) = 

= gm o S*^ 9 ) = m o A( ff ) o S*^ = m o S (r) A(<?). 

Here we use 

(A.9) A(. 9 )S (r9) = ^ M A(g), 

which follows from the definition of S^- r \ see (IA.7I) . □ 

Corollary A. 15. Let r be a bicharacter on a commutative and cocommutative Hopf 
algebra M with an action of a group G. Then (M,m r , 1, S) is a braided G-algebra 
for the maps 

S 9 = S( R9 \ geG, 

where R 9 is defined in (1A.8I) . 

Proof. We need to check the axioms in Definition IA.7I The G-symmetry axiom 
is verified in the previous Lemma IA.141 The Vacuum Axiom and G- Yang-Baxter 
Axiom for S 9 are verified in Lemma fA. Ill as S 9 = S^ R9 ' and R 9 is a bicharacter. 
The compatibility of S 9 with multiplication m r is the case p — R 9 of Lemma [A. 121 
For multiplicativity 

= o A(gh)- 1 o 5 (r) o A(gh) = (by SKM ) 

= S ,(r_1) o Aih)- 1 o S* w o S {r ~ 1} o S {r3) o A(h) = 
= S ,(r_1) o S {rh) o A(Zi)- 1 oS 9 o A(h) = 
= S h oA(h- 1 )oS 9 oA(h). 

□ 

Remark A. 16. In a braided G-algebra we implement the action of G by a system 
of maps S 9 satisfying 

gmS 9 — mA(g). 

In the bicharcter case of a twisted multiplication m r = m o S^ 1 "- 1 we can also imple- 
ment the group action by twisting the coproduct on G: we have 

gm r — gm o S^ r ' —mo A(g) o S^ r ' = 
= mo S (r) o S'(^ 1 ) o A(g) o S {r) = 
= m r A r (g), 
where the twisted coproduct is 

A r (g) = S^oA(g)oS^. 
The fact that the two approaches are equivalent, 

Aig^S 9 )- 1 = A r (g), 

follows from (|A.9|) . It is at this point not clear whether one can replace in an 
arbitrary braided G-algebra the maps S 9 by a twist of the coproduct. 
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Appendix B. Braiding maps 
Let V be a free /c-module and let Map Zi Z2 ... z (V®™) be the space of linear maps 
V ®n V ®n [z ±^ {z . _ Zj yl ]m> 1 < i < j < n. 
Suppose we are given S Z1<Z2 £ Map Zi Z2 [V® 2 ) that satisfies 

(B.l) S Zl , Z2 O T O S Z2 , Zl O T = ly®2, 

{-n o^ Ql2 c13 q23 _ q14 q13 q12 

We then define for each f G an element fi^ ... z „ e Map z Z2 Zn (V® n ) as follows. 
First, for w, 6 5„ a simple transposition, define 

and extend this to f £ S n by expanding it in simple transpositions and using 

The problem is that the expansion of f is not unique, because of the relations (|9.ip 
and in 5 n . 

To address this problem introduce the free monoid T n generated by symbols w^, 
i = 1,2, . . . ,n — 1. In any element f has a unique expression in terms of the 
WjS. Consider the semi-direct product Map Zi Z2 ... Zn (V^ n ) x S n : elements of the 
semi-direct product are pairs (A Zl ..... Zn , f), with product 



(B.4) (A Zl ,..., z „,f).(B Zl ,..., z „,g) = (A Zl _ Zn oaf 1 oB [(v! zJ °a f ,fg). 



We have a homomorphism T n — ► <5 n , which maps generator Wj to simple transpo- 
sition Wj. Let 



be given on generators by 

and we extend this to all oiT n as an anti-homomorphism of monoids. 

We need some more notation. If f = w^w^ . . . Wi fc 6 J- n , and the corresponding 
permutation is f = w^w.^ . . . Wi k G S n , then introduce 

St =Wi fe w i)fe _ 1 ...w^ +1 , £= 1,2, 1, 

and gfc = I- 

Lemma B.l. Let f = w^w^ . . ,Wj t and f = w^w^ . . . Wj fc . Then 
0(f) = (C.^f" 1 ) e Ma PziiZ2i ... !Z „(T/^) x S n , 

where 

of okok—l ol - 1 q£ Q Wi i 

J 2i,...,z„ - J J ...O CT f , O — J g f ( ZliZ2i ... iZ „) T i«- 

Furthermore, for f , g G 

( B - 5 ) Slt-.z^fg = S 'f 1 ,..., z „ C7 g S 'g-i( 2;i , Z2 ,..., z „) 'f- 
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Proof. Using the anti-homomorphism property of <f> and the multiplication (|B.4j) 
we have 

0(f) = (j)(w ik )0(w Jfc _ 1 ) . . . ^(w^ ) = 

= (C fc ..,,„,w l J.(5^-k,w lfe _ 1 ) te^.WiJ = 

= (s zl ] k .., Zn T lk s w t 1 Zn) r ikl ^i k ^f lk _ 1 ).{s zl !::X^i k ^)- ■ ■ ■ 

■ ■ ■ (S , ^.., z „,w il ) = 
= (S k S k ~ 1 ...S 1 ^ 1 ,^ 1 ). 
This proves the first part. Then 
0(fg) = 0(g)0(f ) = 

- (5f 1) ..., Zn ,g- 1 ).(S, f 1) ...,,„,f- 1 ) - (5«,...,^(7gSj_ l( , lj ... ) ^ ) (7- 1 > g- 1 f- 1 ). 
Since cr~ 1 crf g = <7f (|B.5I) follows. □ 

The observant reader might object to the notation Si z used in the above 
Lemma: this map depends a priori on the element f G J- n , not just on its image in 
S n . The following Lemma justifies the notation. 

Lemma B.2. The map tj>: T n — ► Map Z2 Zn (V®™) x S n factors through the 
canonical map T n — > S n . 

Proof. We need to check that the relations (|9.ip and (|9.2p (with w t replaced by 
Wj) belong to the kernel of <f>. But we have 

= 0(w<)0(w») = 

= (^... A ,w,).(^... A ,w,) = (S^....^^^,...,^^^,) = 
-(1,1) 

by the definition (|B.3|) and the property (|9.3[) . Next, by the definition (|B.3p and 
(jOj) we have, if |i- j| > 2, 

(^(WiWj) = 0(Wj)^(Wi) = 0(Wi)0(Wj) = </>(WjWi) 

Finally 

0(WiW l+ lWi) = 0(Wj + lWiW i+ l) 

follows from the Yang-Baxter equation (|9.4[) . □ 
The conclusion is that Definition 19. II of S f Zi z is well defined. 
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